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ABSTRACT. In this paper we introduce the notion of Hilbert C*-bimodules,
replacing the associativity condition of two-sided inner products in Rieffel’s
imprimitivity bimodules by a Pimsner-Popa type inequality. We prove Schur’s
Lemma and Frobenius reciprocity in this setting. We define minimality of
Hilbert C*-bimodules and show that tensor products of minimal bimodules
are also minimal. For an A-A bimodule which is compatible with a trace on a
unital C*-algebra A, its dimension (square root of Jones index) depends only
on its K K-class. Finally, we show that the dimension map transforms the
Kasparov products in KK (A, A) to the product of positive real numbers, and
determine the subring of KK (A, A) generated by the Hilbert C*-bimodules
for a C*-algebra generated by Jones projections.

INTRODUCTION

Strong Morita equivalence for C*-algebras A and B was introduced by M. A.
Rieffel ([43],[44]) by the existence of an imprimitivity bimodule X, which is a left
Hilbert A-module as well as a right Hilbert B-module with full C*-algebra val-
ued inner products 4(, ) and (, )p such that 4(x,y)z = x(y,z)p. If o-unital
C*-algebras A and B are strongly Morita equivalent, then K.(A) and K.(B) are
isomorphic by the imprimitivity bimodule, and they are stably isomorphic by a
result of L. Brown, P. Green and M. A. Rieffel ([2]).

The purpose of this paper is to study a relation between the index theory invented
by V. F. R. Jones ([23]) and K-theory for C*-algebras (cf. [I]). There exists a K-
theoretical obstruction even for the inclusion of simple C*-algebras of index two.
Jones introduced an index for a subfactor IV of a type I[; factor M in terms of the
coupling constant dimy L2(M) ([23]), which can be identified with the elements of
Ko(N). The index of a subfactor N C M is analyzed by the bimodule xyMjs. The
important point to note here is that Jones index is also regarded as an element of the
Kasparov group “KK (N, N)” ([26],[15]). We studied the inclusion of C*-algebras,
introducing the index for C*-subalgebras in [47]. In this paper, we study the C*-
index theory from the viewpoint of bimodules. We introduce the notion of a Hilbert
A-B bimodule 4 Xp by replacing the associativity condition 4(z,y)z = 2(y, z)p in
Rieffel’s imprimitivity bimodule by Pimsner-Popa type inequalities [41]. We are
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forced to postulate that Hilbert C*-bimodules have two-sided inner products in
order to make the category of them have the notion of conjugation, which plays
an important role in subfactor theory. We remark that considering two-sided inner
products corresponds to the orientation of tangles [24].

A Hilbert C*-bimodule X = 4Xp of finite type (i.e. finite Jones index type)
gives an element [X] in the Kasparov group KK (A, B) ([26],[27]). The conjugate
Hilbert C*-bimodule X = pX 4 gives an element [X| in K K (B, A). We considered
the canonical map 4. : Ko(4) — Ko(B) and the transfer map T : Ko(B) — Ko(A)
([47]). These two maps i, and T are realized by elements of the Kasparov group
corresponding to the Hilbert C*-bimodules 4 Xpg and X 4. In particular, X ® g X
gives an element in K K (A, A) which induces ”a multiplication map by [B : A}’
up to evaluating by a trace. Motivated by these considerations, for a Hilbert A-A
bimodule Y we shall show that the Jones index Ind[4Y4] depends only on its K K-
class [Y]in KK (A, A) when 4Y4 is compatible with a trace on A. Furthermore, the
‘statistical” dimension d(X) (i.e. the square root of Ind[4 X g] ) is a character on the
subring of K K (A, A) generated by Hilbert C*-bimodules of finite type compatible
with a trace. For this purpose, we shall develop the basic theory of Hilbert C*-
bimodules from scratch.

The importance of the theory of bimodules in operator algebras was first recog-
nized by A. Connes ([5]) in terms of correspondence. S. Popa ([42]) developed the
theory of correspondences, which contains the study of Jones index for bimodules.
Later A. Ocneanu introduced the notion of paragroup in [37], [38] as an invari-
ant of subfactor which is well described in terms of bimodules of type II;-factors.
V. S. Sunder studied bimodules of II;-factors from the viewpoint of hypergroups
(M6]). S. Yamagami ([51]) developed modular theory for bimodules for general
factors, including type III factors. Y. Denizeau and J.-F. Havet ([8],[9]) studied
the correspondence of finite index for general von Neumann algebras, and obtained
additivity and multiplicativity of dimension and Frobenius reciprocity. They used
the ordinary Hilbert space arguments, which are replaced by Hilbert C*-bimodule
arguments in this paper. D. Evans and Y. Kawahigashi’s recent work ([14]) also is
related to bimodules.

On the other hand the connection between algebraic quantum field theory, stud-
ied by S. Doplicher, R. Haag and J. E. Roberts ([I0],[T1]) and Jones index theory
([23]) was discovered by R. Longo ([34],[35]) concerning the (superselection) sec-
tors. Sectors on type III factors correspond to bimodules, and have been proved
very useful as in [4], [31], and [20].

A certain C*-category (|I7]) of endomorphisms of the C*-algebra of local observ-
ables was analyzed and a new duality theory for compact groups was given by S.
Doplicher and J. E. Roberts ([I2]) using a kind of abstract category. Recently S.
Yamagami developed the study of categorical structure behind the subfactor the-
ory in [49], [50]. Following these arguments, we study the categorical structure for
Hilbert C*-bimodules.

Several people have considered the relation with index for C*-algebras. M. Izumi
[21] gives an interesting construction on C*-subalgebras of a Cuntz algebra with
non-integer index. V. Deaconu ([7]) computes the index for certain inclusions of
circle algebras constructing a path model. He also ([6]) studies branched coverings.
K. Kodaka ([30]) shows that there is an endomorphism of Ay with index 4. M.
Khoshkam (][29]) considers the crossed product, and C. Peligrad and W. Szymanski
[40] study saturated actions of Hopf algebras.
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We note that our notion of Hilbert C*-bimodules of finite type is also suggested
by the finite separable equivalence among rings due to L. Kadison ([24]).

We shall sketch the content of each section in this paper.

Section 1 contains the definitions and fundamental facts on Hilbert C*-bimod-
ules of finite type. For a Hilbert C*-bimodule X of finite type, we define the right
index r-Ind[X], the left index -Ind[X] and the index Ind[X]. Then Ind[X] measures
the failure from an imprimitivity bimodule between two C*-algebras.

In section 2, we discuss Schur’s Lemma and Frobenius reciprocity.

In section 3, we define the minimality condition for Hilbert C*-bimodules of finite
type. We prove that minimal bimodules are all semisimple, and that the dimension
map is additive on minimal bimodules. Moreover, we prove that tensor products
of minimal bimodules are also minimal.

In section 4, we discuss categorical arguments concerning Hilbert C*-bimodules
of finite type. We show that the category of Hilbert C*-bimodule of finite type
constitutes a C*-category in the sense of [17]. We show that the Frobenius reci-
procity theorem holds in this setting, and the duality map (e-structure) gives the
correspondence of Frobenius reciprocity.

In section 5, we define an element in K K (A, B) for a Hilbert A-B bimodule of
finite type and define K K-indices in K K (A, A) and KK (B, B). We can write down
the transfer map between K-groups, by the conjugate of Hilbert C*-bimodules. We
prove that the dimension d(X) for Hilbert A-A bimodule of finite type which are
compatible with a trace depends only on its class in KK (A4, A).

Recently two interesting papers on Hilbert C*-bimodules have been written:
L. G. Brown, J. A. Mingo and N. T. Shen ([3]) and R. Exel ([15]), but their definition
of Hilbert A-B bimodule is different from ours. In fact their definition is suitable
for their purpose, but too strong for studying index theory for C*-bimodules.

Finally, the authors express their thanks to S. Yamagami for a clear explanation
and discussion of his recent work on categorical structure in subfactor theory. The
authors would like to thank C. Phillips for pointing out some errors in an early
version of the manuscript.

In this paper, we assume that all C*-algebras are unital, and in many places
we assume that the centers of C*-algebras consist only of scalars. We assume
C*-algebras are separable when we consider K K-groups. For a C*-algebra A, we
denote by Z(A) the center of A. For a conditional expectation E from B to A of
index finite type, we denote by Ind[E] the index of E in Z(B) ([47]), and if Ind[E]
is a scalar, we denote by IndexE the positive scalar such that Ind[E] = (IndexE)I.

1. HILBERT C*-BIMODULE OF FINITE TYPE

We first recall the definition of left Hilbert C*-module introduced by Paschke
(B9]), used by Rieffel ([43]) to describe Morita equivalence, and studied by Kas-
parov ([27]) for KK theory. Let B be a unital C*-algebra.

Definition 1.1. Let X be a C-vector space. X is called a left pre-Hilbert A-module
if X satisfies the following conditions.

(1) X is a left A-module.

(2) X has an A-valued inner product 4(, ), and they satisfy the following con-
ditions:
(a) a(, ) is left linear and right conjugate linear.
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(b) For each a € A, the equalities a{ax,y) = aalx,y) and a(z,ay) =
A{z,y)a* hold for all z,y € X.
(¢) a{z,x) >0 for each z € X, and 4(zx,z) = 0 if and only if z = 0.
(d) alz,y) = aly,z)* for each z,y € X.
Moreover, if X satisfies the following, we call X a left Hilbert A-module.

(3) X is complete with respect to the norm 4||z|| = (|| a(z, z)||)*/2.

Similarly, we recall the definition of right Hilbert C*-modules ([43]). Let B be a
unital C*-algebra.

Definition 1.2. Let X be a C-vector space. X is called a right pre-Hilbert B-
module if X satisfies the following conditions.

(1) X is a right B-module.

(2) X has a B-valued inner product {, )p, and they satisfy the following condi-
tions:
(a) (, )p is left conjugate linear and right linear.
(b) For each b € B the equalities (x,yb)p = (z,y)pb and (zb,y)p = b*(z,y)p

hold for all z,y € X.
(¢) (z,z)p >0 for each x € X, and (z,z)p = 0 if and only if x = 0.
(d) (=, y)B = (y,x)% for each z,y € X.
Moreover, if X satisfies the following, we call X a right Hilbert B-module.

(3) X is complete with respect to the norm ||z||p = ((z,z)5)"/%.

We write Xp when X is a right Hilbert B-module, and 4 X when X is a left
Hilbert A-module. Let Xp and Yp be right Hilbert B-moudules. We denote by
Lp(XpB,YE) be the set of linear maps T from X to Y which are bounded in the sense
that |[(Tz, Tz)g|| < K||{z, z)p|| for some positive constant K and have adjoints T™*
with respect to the B-inner products, i.e. (Tz,y)p = (x,T*y)p. We recall that if
T is everywhere defined and has an adjoint, then T is necessarily a closed operator,
and it is bounded by the closed graph theorem. We put Lg(Xp) = Lg(Xp, X5B).

For z,y € X, we put O,z = x(y, z)p for each z € X. We call these (right)
rank one operators. We denote by Kp(Xpg) the set of norm closures of linear
combinations of (right) rank one operators.

We use the similar notation 4L(4 X, 4Y), AL(4X) and 4K (4X) for left Hilbert
A-modules X and Y. We denote by *T the adjoint of T' € sL(4X, 4Y") with respect
to left A-inner products. i.e. 4(Tz,y) = a(x,*Ty). We put (:)xyz = a(z,y)x, and
call these (left) rank one operators.

Let A and B be unital C*-algebras. We define Hilbert C*-bimodules as follows.

Definition 1.3. Let X be a C-vector space. X is called a Hilbert A-B bimodule if
X satisfies the following conditions.

(1) X is a left pre-Hilbert A-module and also right pre-Hilbert B-module. More-
over the A-action and the B-action commute with each other.
(2) There exist positive constants C; and Cs such that

Cullalz, 2)|I'? < |[(z,2) p]|'/? < Callale, )]/

for each x € X.
(3) X is complete with respect to the A-norm 4l - || (equivalently, the B-norm

I-1l5)-
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(4) For a € A and b € B we denote 7(a)r = ax, p(b)r = zb for v € X. Then
m(A) C Lp(Xp) and p(B) C aL(4X). Moreover, 7 is a *-representation of
A and p is an anti-*-representation of B.

We write X = 4 Xp when we regard X as a Hilbert A-B bimodule, and denote
by aAHomp(4Xp, aYg) the set of linear operators which commute with A-B actions
without any norm-boundedness assumption.

Definition 1.4. Let X be a left pre-Hilbert A-module. X is called full if the closed
linear span of {a(z,y);z,y € X} is equal to A. We make similar definitions for
right pre-Hilbert modules and Hilbert C*-bimodules.

Lemma 1.5. Let X be a full left pre-Hilbert A-module. Then the left representation
w of A on X is injective. The similar statement holds for a right pre-Hilbert module.

Proof. We assume azx = 0 for all  in X. Then
alaw,ay) = aa(z,y)a” =0
Since X is left full, it follows that aAa* = {0}. Then we have a = 0. O

If A is unital, we may use the algebraic linear span instead of the closed linear
span for the definition of fullness. We assume that all Hilbert C*-bimodule are full
with respect to both sides if we do not specify otherwise.

We define the equivalence of Hilbert C*-bimodules.

Definition 1.6. Let 4 Xp and 4Yg be Hilbert C*-bimodules. Then 4 Xg and 4Yg
are called similar if there exists an A-B bimodule isomorphism T : X — Y such
that T and T—! are bounded and T has adjoints with respect to 4(, ) and { , )p.
We say that 4 Xp and 4Yp are unitarily equivalent, and write s Xpg ~ aYp, if there
exists an A-B bimodule isomorphism 7' : X — Y that is unitary with respect to
both inner products 4(, ) and (, )p.

Example. Let E be a conditional expectation from a unital C*-algebra B to a
unital C*-subalgebra A such that for some positive constant A we have E(b*b) >
Ab*b for every b € B. We put X = B and define A and B valued inner products as
follows:

alz,y) = E(zy*), (z,y)p = 2"y
Then X is made into a Hilbert A-B bimodule.

Lemma 1.7. Let X be a right Hilbert B-module. Then the following four state-
ments are equivalent.
(1) Lg(Xp)=Kp(Xp).
(2) Xp is a finitely generated projective right B-module and Xp is self dual.
(3) There exist two sets {u1,...,un} C X and {ul,...,u,} C X such that x =
S ui(ul,x)p for each x € X.
(4) There exists a set {u1,...,up} C X such that x =" ju;(u;,x)p for each
zeX.

Proof. The equivalence between (1) and (2) is given in [45]. Since the rest of the
proof of this lemma seems to be known, we omit it. O

Lemma 1.8. Let Xp be a right Hilbert B-module, and let Lp(Xp) = Kp(Xp).
Let p € Lp(Xp) be an idempotent which is selfadjoint with respect to the B-inner
product. Then Yp = p(Xp) also has the property Lp(Yp) = Kp(Yg).
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Proof. Tt is clear that Yg is a right Hilbert B-module. Let {u1,...,u,} be a subset
in X as in Lemma 1.7. Then

n
pr = ZUKUmP@B.
i=1
Multiplying by p from the left, we get

n n
pr = ZPWW@P@B = ZPW@%AP@B.
i=1 i=1

We may take {pui,...,pu,} as a subset of pX. O

Let 4Xp be a Hilbert C*-bimodule. We call a family {ui,...,u,} C X a
right B-basis if x = Y " | u;(u;, z)p for every z € X. Similarly, we call a family
{v1,...,um} C X aleft A-basis if x = E;’;l alx,vj)v; for every x € X.

Definition 1.9. Let X = Xpg be a right Hilbert B-module. X is said to be of finite
type if Lg(Xp) = Kp(Xp). Similarly, a left Hilbet A-module X = 24X is said to
be of finite type if AL(4X) = AK(4X). Let X = 4Xp be a Hilbert C*-bimodule.
Then X is said to be of finite type if X is of finite type in the sense of left and right
Hilbert C*-modules.

Lemma 1.10. Let 4 X5 and oYp be Hilbert C*-bimodules of finite type. Then any
right B-module map T : Xp — Ypg is automatically a finite rank operator, and
therefore T' is bounded with respect to || - | and T has an adjoint T™ with respect
to (, Yp. Similar properties hold for a left A-module map S : 4 X — oY

Proof. In fact, if {u1,...,u,} is a right B-basis, then, for € X,

T(z) =T <Z ui<ui,x)3> = T(u;)(ui, )5,
i=1 =1

and T™ is given by
n
T () = > il T (ws), ).
i=1

O

By the above lemma, if X and Y are of finite type, then sHomp(4aXp, 4AY5B)
coincides with L (Xpg,Yg)NaL(4X, 4Y). In the following we usually assume that
Hilbert C*-bimodules are of finite type, and do not worry about the differences any
more. In particular, we put sEndp(aXp) = AHomp(4Xp, aXp). Then

AEndB(AXB) = KB(XB) ﬂAK(AX) = LB(XB) ﬁ?T(A)/ = p(B)l ﬂAL(AX).

This algebra corresponds to the relative commutant algebra in a von Neumann
algebra setting. We should note that two adjoints with respect to two inner products
for 4Endg(4Xp) do not coincide in general. But in many typical examples, to be
given later, they do coincide, and sEndpg(4Xp) turns out to be considered as a
C*-algebra.

Example. Let E be a conditional expectation from B to A of index finite type [47].
Then X = 4 Bp given in the example after Definition 1.6 is a Hilbert C*-bimodule
of finite type.
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We describe an example of a Hilbert C*-bimodule which does not come from the
inclusion relation directly.

Example. Let A and B be two C*-subalgebras of a C*-algebra C, let E be a
conditional expectation from C to A, and let F' be a conditional expectation from
C to B (F and E are of index finite type). We make C' into an A-B bimodule in a
canonical way, and we give two inner products in the following way:

alz,y)=E(xy")  (z,y)p =F(z"y)
Then 4Cp is a Hilbert C*-bimodule of finite type.

With respect to the topology in a Hilbert C*-bimodule, the following lemma
seems to be useful.

Lemma 1.11. Let B be a C*-algebra, and let X = Xp be a right pre-Hilbert B-
module. If there exists a set {u1,...,u,} C X such that

n
Ve e X $22U1<Ui;$>3a
i=1

then X is complete with respect to the norm ||| = ||(z, z)5||"/%. Moreover, there

exist an integer n and an orthogonal projection p in B ® M, (C) such that Xp is
isomorphic to (pB™)p, where the orthogonal projection p is given by ((u;, u;)B)i, ;-

Proof. We shall only sketch the proof. For z € X we define a map « from = to B
as follows:

a(r) = ({(ui, *)B)i=1,...n € B".

B™ itself is a right Hilbert B-module with the B-inner product (§,n)p = >, & 1.
Then « is a right B-module homomorphism, and conserves B-inner products and
injectives.

We define p € B® M,, by p = (pij)i,; = ((4s,u;)B)i ;. Then pis a self adjoint
projection by the basis property of {u;}i=1,...n. Then, pB™ C B is a right Hilbert
B-submodule of B™ and, in particular, pB" is complete.

Moreover we may show that « is an injective isomorphism from X to pB™. O

Remark. If we define 8 from pB™ to X by

B(z) = Zuizi;
i=1
then 8 =a~'.

Example. Let G = R, K = Z and H = 27Z. Let K be a subgroup of K and H be
a subgroup of H with finite indices. Put A = C(G/K)x H and B = C(G/H) x K.
Then some completion X of C.(G) of continuous functions of compact support is
made into a Hilbert C*-bimodule of finite type as follows.

For h € H, ¢ € C(G/K) and = € C.(G), we put (h-z)(g) = z(=h + g),
and (¢ - z)(g) = ¢(§)z(g), where § means the image of g in G/K. For h € K,
¥ € C(G/H) and z € C(G), we put (z-k)(g) = 2(g-+F) and (z-1)(g) = ¥(§)a(g),
where ¢ means the image of g in G/H. We define a left A-action and a right
B-action by the integrated form of the above covariant actions.
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Inner products are as follows:

keK

(@, )k, §) = > (=g + hy(—h+g+ k).

heH

The next proposition is very useful.

Proposition 1.12. Let X be a C-vector space with a map a{, ) from X x X to
A and a map (, )p from X x X to B, and left A-action and right B-action which
commute each other. We assume the following (a)—(d).

(a) alz+a',y) = alz,y) + a2, y) and a(z,y)" = aly,z) for .2’ and y € X.

(b) (z.y+y)p = (z.y)p +(z.¥)p and (z,y); = (y,2)p for x;y and y' € X.

(¢) alaz,y) = aalx,y) fora € A and z,y € X.

(d) (z,ybyp = (z,y)Bb for b€ B and z,y € X.

If X has a family {u;}i=1,. n such that x = > 1 wi(u;, ) for every x € X,
then the following hold.

(1) (z,x2)p >0, and (z,z)p = 0 if and only if x = 0.

(2) X is complete with respect to the norm x — ||{z, z) 5|

(3) (ax,az)p < ||a||*(z,z)p fora € A and z € X.

If X has a family {vj}j=1,..m such that x = . a(z,vj)v; for every x € X,

then statements similar to (1), (2) and (3) hold for s(, ).
Proof. Let x € X. Then we have

1/2

<£L’, x>B = <Z ui<ui7 x>B; fE>B = Z<u’u x>*B <ui7 x>B~
i=1 1=1
This shows that (z,z)p > 0, and (z,z)p = 0 if and only if x = 0. By the positivity
of (, )p the left representation of A on X is contractive. By Lemma 1.11, X is
complete. O

This proposition shows that analytic properties follow from purely algebraic
properties.

We define several concepts of indices for Hilbert C*-bimodules. Let 4 Xp be a
Hilbert C*-bimodule of finite type. We take a right B-basis {u1,...,u,} in X and
a left A-basis {v1,...,vm}-

Proposition 1.13. The element > | a{u;, u;) is independent of the choice of the
right B-basis {u;};, and Y i~ (vi,v;)p is independent of the choice of the left A-
basis {v;};. Moreover, Y7 | a(ui,u;) is contained in Z(A) and > vy ) B s
contained in Z(B).

Proof. We take another right B-basis {u,...,u,}. Then

n

ZA<ui;ui>: Z Zu ukvuz B;uz>
i=1 =

i=1
p
- E A<uk7uz uzvuk E Aukauk
k=1

ik

The other statement is similar. O
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Definition 1.14. We put

n m

r-Ind[X] = ZA<U1‘7W> IInd[X] = Z(vj, Vj)B

i=1 j=1

We call r-Ind[X] the right index of 4 Xp and -Ind[X] the left index of 4 X p. When
either r-Ind[X] or I-Ind[X] is a scalar, we put Ind[X] = r-Ind[X] -1-Ind[X], and call
this the indez of X.

Lemma 1.15. Let 4 Xp be a Hilbert C*-bimodule of finite type. For positive con-
stants C1 and Cy we define a(, ) and (, )5 by

Az, y) = Cralz,y), (x,y)5 = Ca(z,y) B,

where x,y € X. Let X' be X with these new inner products. Then

1-Ind[X'] = 52 (-Ind[X]),

Ind[X'] = Ind[X].

Proof. This is clear from the definition. We note that left and right basis changes
follow the change of inner products. O

Definition 1.16. We assume that Z(A) =C-I, Z(B)=C-I. Let X = 4 Xp be
a Hilbert A-B bimodule of finite type. Then X is called normalized if r-Ind(X) =
I-Ind(X).

If X is normalized, Ind[X] = (r-Ind[X])? = (I-Ind[X])?. We can always renor-
malize bimodules by Lemma 1.15.

Let X = 4Xp be a Hilbert C*-bimodule of finite type. Put ¥ = X @ C™. We
may make Y into an A-B ® M,(C) bimodule in a canonical way. We define a
left A-inner product and a right B ® M, (C)-inner product as follows. For & =

($17---7$n),g: (yla"'vyn) EY,

n

AT, g) = Z Az yi), (3,9 Bem,c) = (Ti,Y5)B)ij

i=1
Then we need the following lemma.

Lemma 1.17. The above Y is a Hilbert A-B ® M, (C) bimodule of finite type.
Moreover, if X has a right B-basis consisting of n elements, then B ® M, (C) has
a right B-basis consisting of only one element.

Proof. Let {u;}; be a right B-basis in X. We take a canonical basis {e,}, in C".
Then {u; ® ep}ip is a right B® M,,(C)-basis in X ® C". Similarly, {v; ® e;};, is a
left A-basis in X @ C™ for a left A-basis {v;}; in X. The analytic properties follow
by Proposition 1.12.
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Now we assume that X has a right B-basis {u1,...,u,}. For, @ = (u1,u2,...,uy)
and T = (x1,x2,...,z,), we have
(ui,z1)p (w1, 22)B ... (u1,Zn)B
(uz,21)p  (u2,x2)B ... (U2,Zn)B

(@, %) po, (C) =

<umx1>B <Um$2>B <Um$n>B
We have
u<u T B®M,L(C) Zuz Uiy T1 B7Zuz uz;xQ Zuz uz;xn
= (331,132,...,1‘") =2Z.

O

Condition (2) in the definition of Hilbert C*-bimodule is automatically satisfied
if it is of finite type. The next proposition is an analogue of the Pimsnor-Popa
inequality.

Proposition 1.18. Let A and B be two C*-algebras, let X be a left Hilbert A-
module and a right Hilbert B-module, and let m be a *- representation of A in
Lp(Xg) and p be a *representation of B in aL(aX). We assume that X has a
right B-basis {u1,...,un}. Then the following inequality holds:

n

Latz, )|l < 1Y afui, uid|ll {2, 2) 5.

i=1
Assume that X has a left A-basis {v1,...,vm}. Then
e, @) sl < 11D (vs v llate, 2.
j=1

In particular, if X has a left A-basis and a right B basis, then all two-sided norms
in X are equivalent.

Proof. First we prove this theorem in the case that the basis consists of only one
element. i.e. x = u(u,z)p. Then
<£L‘,LE>B = <x7u<uax>B>B = <uax>*B<uax>B'
We have ||(x, z)g|| = ||{u, z)5]|*>. On the other hand,
A<x7x> = A<u<u7x>3au<u7x>3> < A<U,U,>H<’U,,J)>BH2.
Using these, we have
[z, 2)|| < [lafu,w)] - [[{z, )B].

We proceed to the general case. Let Y = X @ X @--- & X =X ®C". Then Y
has been made into an A-B ® M,,(C) bimodule. We put @ = (u1,us,...,u,), and
T = (x1,22,...,2,). By Lemma 1.17, we have & = (i, ) g, (c)- We apply the
first part of the proof:

alZ, 2)|| < llafa, @]l - [{Z, Z) pe . c) Il
We put Z = (z,0,...,0). We have
a2l < 1> alui,w)] - 2, 2)5].

)
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In the similar way, we have

Iz, 2) ]l <] Z<vj7vj>3|| afz, 2}
O

Corollary 1.19 ([43]). Let A and B be unital C*-algebras, and let X be an im-
primitivity bimodule between A and B. Then two-sided norms of X are equal.

Proof. Let {u;}; be a right B-basis in X. Then

T = Zui<ui,x)3 = ZA<ui,ui)x.
This shows that r-Ind[X] = I. Similarly, I-Ind[X] = I. By Proposition 1.18 the
conclusion holds. O

Remark. Imprimitivity is characterized by the property r-Ind[X] = I and l-Ind[X]
= I in Corollary 1.28, and the condition ||4(z,z)|| = ||{(x,x)g] for each z € X is
not sufficent for imprimitivity, as the following example shows.

Example. Let A = B = C and X = C". We define A-B action naturally and
put 4(Z,9) = >, xy; and (2, 9)p = Y1y Tiy; for &, § € X. Then ||4(Z,Z)|| =
[{Z, Z) 5|, but X is not an imprimitivity A-B bimodule

Remark. By the above example, the constants in Proposition 1.18 are not best
possible, in contrast to the original Pimsner-Popa inequality.

Let X,Y be two Hilbert A-B bimodules. Then X &Y is also a Hilbert A-B
bimodule in a canonical way. If X and Y are of finite type, X @ Y is also of finite

type.

Let X be a Hilbert A-B bimodule and p be an idempotent in End(4 X p) which
is self adjoint with respect to both inner products. Then X is decomposed into
the direct sum of Xp and X (1 — p) as a Hilbert A-B bimodule. If p is self adjoint
only with respect to the B-inner product, we can decompose X only as an A-B
bimodule and a right Hilbert B-module.

Let A, B and C be unital C*-algebras, X a Hilbert A-B bimodule, and Y a
Hilbert B-C' bimodule. We denote by X ®Y the algebraic tensor product of X and
Y, and z ® y the tensor product of x € X and y € Y.

Definition 1.20. (1) We define a left A-right C-bimodule structure in X @'Y as
follows:
Va € A, Vee C alz@y)=ax®y, (xOy)c=z0Oyc Vre XyeY.
(2) We define an A-inner product and a C-inner product on X @Y by
A(T1 O Y1, 72 © y2) = A(T1B(Y1,Y2), T2),
(1 ©y1,22 O y2)c = (Y1, (T1,72) BY2) O,
for all 1,29 € X and all y1,y2 € Y.
Lemma 1.21. (1) Forz, 2/ € X ®Y, a € A and b € B we have s{az,z’) =
as{z, 2’y and (z,2'b)p = (2,2') gb.
(2) Forz, 2 € XO©Y we have a(z,2")* = a(z',2) and (z,2')5 = (¢, 2)B.
(3) For z, 22 € X®Y, a € A and b € B we have {az,2')p = (z,a*2"Yp and
4(zb, 2"y = a(z, 2'b%).
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(4) Forz,2’' € X, y,y' €Y and b € B we have
A@boy -z by’ ©y)=0, (2bOy—-rOby 2’ ©y)c=0.

Proof. (1), (2) and (3) follow from the corresponding properties of 4{ , ) and (, )p.
(4) follows from the definition of inner products and the algebraic properties of

A<a>and<a>B' O

Let J be the linear span of {eb Oy — 2z @by : z,y € X, b € B}. Then J is
an A-B invariant subspace of X. By the previous lemma, two inner products are
determined modulo J. We let X ® Y be the quotient of X ®Y by J, and we write
x ® y for the quotient image of x ® y under J.

Lemma 1.22. If s Xp and gYc are of finite type, then s(X @5 Y)c has a left
A-basis and a right C-basis.

Proof. Let {uq,...,u,} be a right B-basis in X and {v1,...,v,} a right C-basis
in X. Then

n m
= wlu,z)p,  y=» v;{v;,y)e.
i=1 =1

The following calculation shows that the set {u; ® v; :i=1,...,n,7=1,...,m}
forms a basis in X ®p Y

m n m

Y wi®v)(ui®v,z@y)e =YY (4 @v) (v (ui,2)py)c

1j=1 i=n j=1

n m
= > w® | D vilvy, (w2 py)e
i=1 j=1

n

7

n
=D uwi® (ui,7)py
=1

n
= Zui<ui7x>B Vy=rQy.
i=1

Similarly, we have a left A-basis. O
By these arguments, the following proposition follows.

Proposition 1.23. 4(X ®p Y)¢ is a Hilbert C*-bimodule of finite type without
completion.

Proof. We may conclude this by Proposition 1.12. O

Lemma 1.24. Let Xy, X5 be Hilbert A-B bimodules of finite type, and Y a Hilbert
B-C' bimodule of finite type. Then

(X1 @ X)) @Y >~ (X108Y)® (Xo®BY).

This isomorphism holds in the sense of Hilbert A-C' bimodules.
In particular, the projection giving the direct sum decomposition of the right hand
side is self adjoint with respect to the A-inner product and the C-inner product.

Proof. This is clear. O
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Lemma 1.25. Let X = s Xp a full Hilbert A-B bimodule of finite type and Y =
BYc a full Hilbert B-C' bimodule of finite type. We put

P=Lp(Xp)®Ily, Q=Ix®pL(BY).
Then X ®p Y is a Hilbert P-Q bimodule, and we have

Lo(X®pY)g) =P, pL(P(X®Y))=Q.

Proof. By definition, r,,(x)Xp and pY,1(y) are imprimitivity bimodules. We see
that p(X ®pY)q is also an imprimitivity bimodule by checking the associativity
condition for the inner products. O

We must show that a Hilbert C*-bimodule of finite type can be decomposed into
finitely many irreducible components.

Lemma 1.26. Let 4 Xp be a Hilbert C*-bimodule of finite type which is full. Then,
there exists a conditional expectation E from Lg(Xp) to A such that E is of index
finite type. Moreover, if r-Ind[X] or 1-Ind[X] is a scalar, then Ind[E] = Ind[4 X 5]
and

E©4 2,) = (r-Ind[X]) "' Az, 22).

Proof. We take a right B-basis {u;}i=1, .., in X. For T € Lg(Xp), we put F'(T) =
iy a{Tu;,u;). Then we can show that the right hand side is independent of the
choice of left A-basis {u;};.

Moreover, the following condition holds. For T = ©, ,, we have F(T) = 4(z,y),
and hence F(aTa') = aF(T)a’. Then, F is a bounded operator valued weight from
LB (XB) to A.

We show that F(I) is positive and invertible and is contained in Z(A). Since
the linear span of an A-inner product is surjective, there exist elements 1, ..., x,,
Y1s---Yn € Xp such that > | a(zi,y;) = I. As in the proof of Lemma 2.1.6 in
[47], we may assume that z; = y; for i = 1,...,n. Since >.. | Oy, , is selfadjoint
and positive, there exists a positive constant C such that C-1 > " | ©,, ... Since
I= Z?:l Gua‘,,um

n

F(C-1) = ZF(®$1,$7) = ZA<3317$1>

i=1

This shows that

n

> alusus) > é;A<xi,xi> - L

i=1

and that the left hand side is invertible.
We put

E(T) = F(I)"Y2F(T)F(I)"'/2.
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Let {u;}i=1,...,m be aright B-basis and {v;};=1,...» a left A-basis. We show that
{Ou; v, }i=1,....,m,j=1,....n forms a quasi basis for F' in Lg(Xp):

Z Z @ua,w u,,u, ®p7q) =

=1 j=1

Z G)’u.,;,UjA<Uj <uiap>Ba q>

I

s
Il
-

<.
Il
i

M-
NE
@

iy A{q,v;5(ui,p) B)V;

s
Il
-

<.
Il
i

©

o
NE

s
Il
-

<.
Il
i

wi,a{q(p,ui) B,vj)v;

.
@

s
I
-

Ui, (p,ui) B

|
@
]

a
We put U; ; = O, ., F(I)}/?. Then, since F(I) € Z(A),

Z Ui B(US,T) = Z Ouso, F(D)Y2F(I) Y2 F(F(1)/?0,, ., T)F(I)~/?

i=1,j=1 i—l,j—l

E ®u71U] U]au‘l )

i=1,5=1
=T

The family {U; ;}i=1,.. m,j=1,..» constitutes a quasi basis for the conditional ex-
pectation E, and this shows that E is of finite index type.

We assume that r-Ind[X] is a scalar. Then F(I) = r-Ind[X] is also a scalar.
Then

Ind[4 X 5] = (r-Ind[X Z@u ;) (FInd[XT])
= Z up,up Z@ul (vj,v5) B s
Z @u, (vj,v5)B,u;

_ Z@u“% 1/2F( )1/2@%_’7“

= Ind[ ].
[l

Theorem 1.27. Let X = 4 Xp be a Hilbert C*-bimodule of finite type. If the
center of either A or B is scalar, AEndp(aXp) is of finite dimension.

Proof. We assume that the center of A is scalar. The non-*-algebra 4Endg(4Xp)
is identical to A’NLp(Xp). By Lemma 1.26, there exists a conditional expectation
E from Lp(Xpg) to A which is of index finite type. By Lemma 2.7.3 of [47], the
dimension of A’ NLg(Xp) is finite. O

We may also show the characterization of imprimitivity bimodules for unital
C*-algebras using Proposition 1.26.
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Corollary 1.28. Let X = 4 Xp be a Hilbert C*-bimodule of finite type. Then X
is an imprimitivity bimodule if and only if r-Ind[X]| = I and l-Ind[Y] = 1.

Proof. Suppose that 4 Xp is a imprimitivity bimodule. Let {u;};=1, .. » be a right
B-basis in X. Then for every z € X,

T = Zui<ui,x)3 = ZA<ui,ui)x.
Then we have r-Ind[X]| = 3" | a(u;, u;) = I. Similarly, we have l-Ind[X] = I.
Conversely, we assume that r-Ind[X]| = I and I-Ind[X] = I. Then by Lemma 1.26

the inclusion A C Lp(Xp) of C*-algebras has index I for the canonical conditional
expectation. Then A = Lp(Xp). We must show that the associativity condition
of inner products holds. X has two left A-inner products, the original one and
the other 4(, } given by the relation A = Lg(Xp). Then by Proposition 2.3 in
chapter 2, there exists a T € 4Endp(X) = Z(A) such that a(z,yy= a(Tx,y). By
the definition) ;" | a(u;,u;)= I, and by the assumption Y - | a(ui, u;) =1,

n n n

1= Z(ui,ui>~= ZA<Tui,ui> = TZA<ui,ui> =T.

i=1 i=1 i=1
This shows that T = I, and 4 Xp is an imprimitivity bimodule between A and
B. ([l

We define the conjugate of bimodules. Let X be X itself when it is considered
as a set. We write T when z is considered in X. X is made into a Hilbert B-A
bimodule as follows:

(1) T+7=2+yand \T = (\z) forall 2,y € X, X € C.
(2) b-T-a=a*zb* foralla € A,be B,x € X.
(3) B(T,¥) = (x,y)p and (T, Y)a = alx,y) for all z,y € X.

Let 4Xp and 4Yp be Hilbert C*-bimodules of finite type. We define the con-
jugate and transposes of morphisms. For T € Hom(4 Xg, aYg), we put T% = T.
Then T is contained in Hom(pX 4, Y 4). We call this the conjugate morphism of
T. Moreover we put ‘T = *T, T* = T*, and call these the left transpose of T" and
the right transpose of T'.

We define duals of A-B Hilbert C*-modules. We define the right dual X* of
X by Lg(Xp,Bp), and the left dual *X of X by sL(4X, 4A4). X* and *X are
Hilbert B-A bimodules. When X is of finite type, X is self dual as a left A-module
and as a right B-module. Since the left dual module *X and the right dual module
X* are canonically isomorphic to the conjugate module X of X, we usually use
the conjugate bimodule X 4. We write 2V for z in Lg(Xp, Bg), Yz for x in
AL(AX, AA).

Example. In the situation of the example after Definition 1.6 X* = B4, and
s(zV,yY) = zy*, (zV,yV)a = E(z*y) for each z,y € X. zV is really z* considered
in a C*-algebra B. The correspondence ¥ — T gives the isomorphism between X*
and X.

We explain a family of examples of Hilbert C*-bimodules which do not come from
inclusion relations, directly following the bundle construction in the von Neumann
algebra case ([33]).
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Let G be a countable discrete group, and let H and K be finite subgroups of
G. Then a finite dimensional Hilbert space V = gV is called an H-K bundle
over G if V= e Vg, where the V,’s are finite dimensional Hilbert spaces,
and there exist two commuting actions of H and K on V which are compatible
with the left translation of H on G and the right translation of K on G, and
conserve inner products on the V;’s. We admit the possibility V;, = 0, and put
supp(V) = {g € G : V; # {0}} and call this the support of V' ([33]). Supports of
bundles are unions of H-K double cosets in G. We remark that the supports of
H-K bundles are all finite unions of H-K double cosets.

Let A be a unital C*-algebra and « an action of G on A. For an H-K bundle V
over GG, we put

V=A®yVk = Ggec(ADV,).

Tensor products mean algebraic tensor products: For each g € G, A ® V, has two
A-valued inner products:

Ala®v,d @) = ad”" (v,0'), (a®@v,a’ @V 4 =a*d (v,0).

We may construct two C*-crossed products, P = A x, H and Q = A x, K. We
make V into a Hilbert P-@Q) bimodule.
For z, y € V, we define two inner products as follows:

plz,y)(h) = Y alw(g), (an @ h)(y(h~"g))),

geG

(@ y)ok) =Y ag(z(g™"),ylg™ k) - k1))

geG

We define left P action and right @) action by the integrated form of the covariant
actions as follows. Let h € H, k € K and a € A; then

(h-2)(9) = (an @ h)(x(h'g)),  (a-z)(9) =ax(g), geaq,
(z-k)(g) = z(gk™") - k, (z-a)(g) = z(g)ay(a).

Let n be the number of H-orbits in supp(V) and m the number of K orbits in
supp(V).

Proposition 1.29. V is a Hilbert C*-bimodule ofAﬁm'te type. If thfz support of V.
consists of only one H-K double coset, then 1-Ind[V] = |V |n, r-Ind[V] = |V|m and
Ind[V] = |V|?>mn, where |V is the common dimension of a fiber V;, for g € supp(V).

Proof. The conclusions of Proposition 1.12 are verified by calculations except for
fullness. We construct a left P-basis. Let ¥ be the support of V, and take a

representative set {o1,...,0,} of the left H-coset space of . We define functions
d; on 3, by d;(g) = 1 if ¢ = 0; and 0 otherwise. Let p; be the dimension of V,,,. We
take orthonormal bases {vi,... ,v;i} for every V,, and define orthonormal bases

{v{,... ,vg.} of every V, for g € supp(V) by left translation of {v1,...,v,,} under
hif g = h - o; for some i. We put u; ;(g) = di(g)v]g € V. Then we may show that
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{uijh<i<n,i<j<p, is a left H basis in V:

Pl uihuig(g) = > pla,uig)(h)(an @ h)(u;(h™'g))

heH

= > (@le") (an®h)(uig(h'g))) (an @ h)(uii(h~g™"))
heH,g'ex

= Z <x(gl)vh'ui,j(hilgl)>h 'Ui’j(hilg).
heH,g'ex

Then, by the definition of {u; ;};;, we may conclude that

n  Pi
DY el uiguig =

i=1 j=1
Next, we compute the left index of V:
(i g uig)o(k) =D (uij(gk™") - k,ui ().
geY

Then if & = e, the right hand side is 1, and 0 otherwise. When the support of V'
consists only of one H-K double coset, the dimensions of fibers are constant |V|.
Then we have

Pi
I-Ind[V Zn:Zum,u” =n|V|-1

Similarly, we have r-Ind[V] = m|V| I, and Ind[V] = mn|V|? - I. We can argue
similarly abAout the right B-basis. F}nally, by the computation of left index, we can
show that V is left full. Similarly, V' is right full. |

Remark. For the computation of indices, it is not necessary to assume any outerness
of the action « on A.

Let G be a finite group, and assume that there exist two subgroup H and K
of G such that G = HK. Let V = gVx be an H-K bundle whose fibers consists
only of scalars. Let o be an action of G on a unital C*-algebra A. Let E and F be
two conditional expectations from A X, G to A X, H and from A X, G to A xo K
given by the restriction. Then V is equal to a C*-algebra A x, G, and this Hilbert
C*-bimodule corresponds to the example given by E and F' before Lemma 1.11.

Proposition 1.30. Let X = 4 Xp and gY¢ be Hilbert C*-bimodules of finite type.
If the centers of A, B and C are scalars, then

Ind[X ®p Y] = Ind[X]Ind[Y].
Proof. As in the proof of Lemma 1.22, we have

3

n
rind(X @pY] =Y > Al @ vj,u; @ v;)

=1 j=1

ZZA u; g(v;,0;),u;) = r-Ind[X]r-Ind[Y].

=1 j=1

3

n
We have the similar formula for the left index. Therefore the index is also multi-
plicative. O
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2. SCHUR’S LEMMA AND FROBENIUS RECIPROCITY

Schur’s Lemma and Frobenius reciprocity are the most fundamental materials
in representation theory, category theory and bimodule theory. In this section, we
consider them.

Lemma 2.1. Let X = o X be a Hilbert left A-module of finite type. Take a positive
invertible operator H in aL(aX), and define a new A-valued inner product by

A<x7y>~: A<Hxay>7 x7y€X'

We write X as the left A-module with this left A-valued inner product. Then 4 X
is also of finite type.

Conversely, for any A-valued inner product 4{, ), aX' with this A-valued inner
product is of this form if this is of finite type.

This correspondence is one to one, and all norms given by these A-valued inner
products are mutually equivalent.

Proof. We prove this proposition using the self-duality of 4 X. We omit the details.
O

Lemma 2.2. Let X = 24 Xp be a Hilbert C*-bimodule of finite type, and let H €
AEndg(aXp) be a positive invertible operator in sAL(4X). We introduce a left A-
valued inner product ao( , J by alx,yy = a(Hz,y). We denote by AX p the Hilbert
C*-bimodule obtained by replacing the left A-valued inner product by a(, y. Then
AX g is also a Hilbert C*-bimodule of finite type. Conversely, all 4 X g’s as above
are of this form, and this correspondence is one to one.

Proof. Almost all parts follow from the preceding lemma. We only need to show
that p”: B — aL(aX"), p"(b)x = b is *-preserving with respect to 4(, ). But
Alw, p"(b")y) = alz, yb*y = a(Hz, yb*)
A{(Hz)b,y) = a(H(xb),y) = alzb,y)
Al ()z,yf = alz, p"(0)"y).

O

Proposition 2.3. Let X = 4Xp be a Hilbert C*-bimodule of finite type. We
consider a new finite type Hilbert A-B bimodule X~ with the same A-B actions
and with two inner products a(, y and {, Yg. Then there exist two operators H
and K in sEndp(aXp) such that a{z,yy = a(Hz,y) and (x,y)5 = {(z,Ky)p.
In particular, if sAEndg(aXg) is scalar, the inner products are determined up to
positive constants.

Proof. This follows from Lemma 2.2. O

We describe Schur’s lemma.

Theorem 2.4. Let X andY be a Hilbert A-B bimodules of finite type. We assume
that sAEndp(aXp) = C and sEndg(aYs) = C. Then sHomp(aXp, aYE) is of
dimension one if and only if AX g is similar to Y. Otherwise sHomp(aXp, aAYB)
= {0}. Moreover, if X andY are similar and both are normalized, they are unitarily
equivalent.
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Proof. We assume that there exists a non-zero T' € sHomp(aXp, aYs). Then
T*T € sEndp(aXp) = C, and so T*T = A for some A > 0. Similarly, we have
TT* = pul for some > 0. Then T is invertible, i.e. T—! = A\7"1T*. Hence s Xp
and 2Ypg are similar.

Let T and S be elements in sJHomp(4Xp, aYp) with T # 0. Then, by the
assumption of irreducibility, T'S* and S*T are scalar. Therefore S is a scalar
multiple of T'. Let X be irreducible and normalized. Then two systems of inner
products on X are proportional by some common positive constant C:

A<xay>~: CA<$,y>, <xay>B~: C<x7y>B
This shows the last statement. O
Next, we consider the Frobenius reciprocity theorem.

Proposition 2.5. Let X be a Hilbert A-B bimodule of finite type, and let Y be a
Hilbert C-B bimodule of finite type. Then there exists an A-C' bimodule isomorphism
© from X @pY to Lp(cYs, aXB) such that

e(p@q)(y) = (¢, v) B,
where Lp(cYn, aXpB) is viewed as an A-C bimodule as follows:

(a-f-c)y) =af(cy).
Let X be a Hilbert B-A bimodule of finite type, and let Y be a Hilbert B-C

bimodule of finite type. Then there exists an A-C bimodule isomorphism ¢’ from
X ®pY to pL(pXa,sYc) such that

Qp,(ﬁ & Q)(x) = B<x7p>%
where pL(pXa, pYc) is viewed as an A-C bimodule as follows:

(a-g-c)(z) = g(za)e,

Proof. We prove only the first statement. Let {v;}; be a right B-basis in ¢Yp. For
f €Lp(cYs, aXp) we define ¢(f) as follows:

w(f):Zf(vi)QMieX@B?.

Then, for all z € ¢Yp,

(po)(f)z) =¢ (Z f(vs) ®@‘> (2) = Zf(vi)@i,@fs

i=1
Conversely,

=T® <Z<ya”i>3@> =r® (Zvi<viay>3> =r®7.

Let A be a unital C*-algebra and X a Hilbert A-A bimodule.
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Definition 2.6. z € X is called an A-central element if ax = za for alla € A. We
denote by X# the set of all A-central elements in X.

The following two theorems are called Frobenius reciprocity theorems.

Theorem 2.7. Let A, B be unital C*-algebras, and let 4 Xp, aYp be Hilbert C*-
bimodules of finite type. Then there exists a C-linear isomorphism

¢: (X ®pY)* — sHomp(aYp, aXp).

In particular, ¢(3°, s @ 7i)(u) = >, xi(yi,u)p. There also exists a C-linear iso-
morphism

¢+ (Y ®aX)P — sHomp(aYs, 4Xp)
such that ¢' (3,7 @ x)(u) =Y, a(u, yi) ;.
Proof. Theorem 2.7 follows from the previous Proposition 2.5. O

Theorem 2.8. Let A,B and C be unital C*-algebras, and let A Xp, pYo and AZ¢
be Hilbert C*-bimodules of finite type. Then the followings are isomorphisms of
C-vector spaces:

(1) aHome(aZe, a(X ®pY)c) ~ aAHomp(A(Z ®c Y)p, 4XB),
(2) aHome(aZc, A(X ®p5Y)c) ~ gHome(p(X ®4 Z)c, BY0).
Proof. We only prove (1):
aHome (aZc, A(X @5 Y)e) ~ (4(X @5 Y)c) ® ¢ Za)?
~ (4 X5 ® (5(Y @c Z)a))"
~ sHomp(4(Z ®c Y)B, aXB).
We use W =Y®X. O

We have already defined the left and right adjoints of T € sHomp(aXp) by
inner products. We can also define *T" and T* by the isomorphisms ¢ and ¢’ in
the Frobenius Reciprocity Theorem 2.7 as follows. Suppose that 7' = 0., . Then
T* = ©, , can be also obtained by

AHomp (4 X, AYB) =~ (4(Y @5 X)) = (4(X @5Y) ) ~ sHomp(4 Y5, A XB),
T~yRT —-zQy~T".

Similarly, suppose that S = (:)xy Then *S = éym can be obtained by

AHomp(4Xp, aVB) ~ (X4 ® aYB)? — (BY 4 ® 4Xp)? ~ sHomp(aYs, 4Xp),

S~TQy—yRz~*S.
In general the right adjoint 7 and the left adjoint *T" need not coincide.
Definition 2.9. Let A and B be unital C*-algebras, and let X be a Hilbert A-B

bimodule of finite type. We call X semisimple if for T € sEndg(aXpg), T* and *T
coincide.

Theorem 2.10. Let 4 Xp be a semisimple Hilbert C*-bimodule of finite type. Then
AXp is decomposed into a direct sum of finitely many irreducible bimodules, and
this decomposition is unique up to unitary equivalence.
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Proof. There exists a one-to-one correspondence between direct summands of 4 X
and selfadjoint projections in 4Endg(4Xpg). Since 4 Xp is assumed to be of finite
type, aAEndp(4Xp) is finite dimensional. A direct summand p(4Xp) is irreducible
if and only if p is a minimal projection. Let p,q € aEndg(4Xp) be selfadjoint
projections. Then p and p are unitarily equivalent in 4Endp(4Xp) if and only if
p(aXp) and ¢(4Xp) are unitarily equivalent as Hilbert C*-bimodules. O

Remark. The semisimplicity is not necessary for Frobenius reciprocity.

If X is irreducible, X is clearly semisimple, and if X and Y are semisimple,
X @Y is also semisimple.

Example. Let X = C", A= C, B =C. Let the A-inner product be the ordinary
inner product, and let the B-inner product be given by some positive invertible
matrix h which is not a scalar operator. Then their two adjoints do not coincide.

3. MINIMALITY

For an inclusion of factors N C M, as in Havet ([1§]), Hiai ([19]) and Longo
([34]), there exists a conditional expectation Ey from M to N such that Index[FEy] <
Index[E] for every conditional expectation F from M to N. This expectation is
called the minimal (or minimum) conditional expectation. The second named au-
thor ([47]) considered minimal the conditional expectation for C*-algebras, modi-
fying the argument of Hiai ([19]). Kosaki and Longo showed the multiplicativity
of the minimal index for subfactors first in [32], [36]. Kawakami and Watatani
(|128]) obtained the same multiplicativity for simple C*-algebras. In this chapter,
we treat the minimality of Hilbert C*-bimodules corresponding to those in inclusion
relations.

We start by giving the known characterization of minimal index for C*-inclusions.

Proposition 3.1 (28] Proposition 2]). Let A C B be a unital inclusion of unital
C*-algebras with Z(A) = C -1, Z(B) = C- 1. Assume that there ezists conditional
expectations F' : B — A of index-finite type. Then, there exists a unique minimal
conditional expectation Ey : B — A, i.e. IndexEy < IndexFE for any conditional
expectation E : B — A. Moreover, E = Ey if and only if

Zuimuf = CE(x) (x € AN B)
i=1

for some constant C > 0, where {uy,uz,...,un} is a (quasi) basis for E.

Following this formulation, we define the minimality of Hilbert C*-bimodules.
The following characterization in the case of von Neumann algebra is given in [9].

Proposition 3.2. Let 4 Xp be a Hilbert C*-bimodule of finite type. We assume
Z(A)=C-I and Z(B) = C-I. Let {u;}; be a right B-basis in X and {v;}; be a
left A-basis in X. We define conditional expectations F from Lg(Xp) to A and G
from aL(aX) to B as follows:

F(T) = (r-Ind[X]) ! ZA<TW, u;),
G(S) = (1-Ind[X])~* Z@j,svj)B.

J
Then the following are equivalent.
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(1) F is a minimal expectation.
(2) G is a minimal expectation.
(3) There exists a positive constant C such that, for all T € sEndg(4aXp),

Z A(Tui, ’LL1> = CZ<Uj’ TUj>B,
i J
as an equality of scalars.
Moreover, if (3) holds, C is equal to r-Ind[X](I-Ind[X])~!.

Proof. We show the equivalence between (1) and (3). We remark that by Lemma
1.26, {y/ r-Ind[X]Oy;, «, }4,j is a quasi basis for F'. By Proposition 3.1, F' is minimal
if and only if there exists a positive constant K such that, forall T € A'/NLp(Xg) =
AEndB (AXB),

> (-Ind[X])Ou, 1, T, , = KF(T).

On the other hand, for all z € X

ZZ@““”JT@ZmW (2) = E :E Gui,vavj<uiaz>B
i g 5
= > > uilv;, Tvy)5(ui, 2)5
(2

:Zui Z(vj,ij>B (uiy 2) B

J

= (Zui@mzb) Z@jaTUj)B
= Zz(vj,ij>B~

J
The equivalence between (2) and (3) is similar.
If we put T = I, we can get the value of the constant C. O

Corollary 3.3. Let A and B be unital C*-algebras, and assume that Z(A) = C -1
and Z(B) = C-I. If X is irreducible, then X is minimal.

Corollary 3.4. Let A and B be unital C*-algebras, and A C B a unital inclusion.
Let E be a minimal expectation from B to A. Then the dual expectation E from
the basic C*-extension to B is also minimal. Moreover, let B; be the ith C*-basic
extension, and E; the expectation from B; to B;_1 canonically defined. Then all
E;’s are also minimal.

Proof. Let X = 4Bp be as in the example after Definition 6. Then Lp(Xp) is
equal to B and 4L(4X) is equal to the C*-basic extension By. E is an expectation
from Lp(Xpg) to A, and F is an expectation from 4L(4X) to B. Then by the
previous proposition, F is minimal if and only if F' is minimal. The last statement
is clear. O

Definition 3.5. If 4 X satisfies (1)—(3) of the previous proposition, we call 4 Xp
a minimal Hilbert C*-bimodule.
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When we consider the minimality of a Hilbert C*-bimodule, we assume that the
centers of all C*-algebras consist only of scalars.

When 4 Xp is not minimal, we can ‘remetrize’ X and make it into a minimal
bimodule.

Lemma 3.6. Let A and B be unital C*-algebras, Z(A)=C-1, Z(B) =C-1, and
let AXp be a Hilbert C*-bimodule of finite type. Then there exists a left A-valued
inner product 4( , )° such that a bimodule X% obtained by replacing the original
left A-inmer product by a( , )° is minimal. Moreover, such a left inner product is

unique up to positive constants. In particular, we may take this inner product such
that r-Ind[X°] = r-Ind[X].

Proof. Let {u;}; be a right B-basis in X and {v;}; a left A-basisin X. Let E be the
conditional expectation from Lp(Xp) to A given by {u;};. Then by Lemma 1.26 E
is of index finite type. By Theorem 2.12.3 in [47], there exists a minimal expectation
Ey from Lp(Xg) to A. Moreover, by Proposition 1.4.1 in [47], there exists an
He AN LB(XB) = AEndB(AXB) such that EO(T) = E(HT) for T € LB(XB).
We remark that

Eo(Oz,y) = E(HOqy) = E(OHqy) = a(Hz,y).

Since a(Hz,z) = Ep(O4 ) > 0, H is positive. By Proposition 1.4.1(2) in [47], H
is invertible and contained in A’ NLp(Xp) = sAEndg(4Xp). Then H is invertible
in the C*-algebra 4L(4X).

We define a new left A -valued inner product 4( , ) as follows:

A<x7y>0 = A<Hxay>

We denote by 4 X% the Hilbert C*-bimodule of finite type determined by this new
left inner product. We define a conditional expectation °E : Lp(X%) — A as
follows:

°B(T) = (r-Ind[X ]} ZA<TW,W>0.
Then
r—Ind[XO] = ZA<ui,ui>0 = ZA<Hui,ui>

i i
= (r-Ind[X))E(H) = (r-Ind[X]) Eo(I) = r-Ind[X].
Moreover, for T € Lg(Xp) = Lp(X%),
Eo(T) = E(HT) = (r-Ind[X])™" > a(HTu;, u;)
i
= (r-Ind[X°) ™Y a(Tui,w)° = "B(T).
Since °F = Ej is minimal, AX% is a minimal bimodule.
Suppose the other Hilbert C*-bimodule 4 X g defined by replacing only the left

A-inner product of 4 Xp by a(, Yis also minimal. Then by Proposition 2.3, there
exists a positive invertible element K € 4Endp(4Xp) such that

alr,yy = a(Kz,y) (z,y € X).
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Then we may define a conditional expectation E : L (XB) — Aby
E(T) = (+-Ind[X]) ™" Y a(Tui, us).-
i
Since X is minimal, E is also minimal. By Theorem 2.12.3 in [47], minimal con-

ditional expectations are unique. Identifying Lp(Xp) = Lp((X")p), we have
E° = E. By this

(-Ind[X )~ (, ) = (-Ind[X )~ (o,

Then, for some positive constant C,
A<xa y>0 = CA<5E, y>~
O

Proposition 3.7. Let X = 4 Xp be a Hilbert C*-bimodule of finite type. We
assume that we have another left A-valued inner product 4{ , ¥ on X. We denote by
AX g the Hilbert A-B bimodule obtained by replacing the left A-bimodule by a( , ).
We assume that 4 X g is also of finite type. Then the inclusions A C Lg(Xp) and
A C Lp(X p) coincide. Moreover, the inclusions B C AL(4X) and B C AL(4X")
are conjugate.

Proof. Since the actions and the right B-inner products are the same, it is clear
that the inclusions A C Lp(Xp) and A C Lp(X ) are the same.

By Proposition 2.3, there exists a positive invertible operator H € sEndpg(4Xp)
such that

Alz,yf = a(Hz,y), r,yeX.

We define a linear map U : X~ — X by Uz = H'Y?z for x € X. Then U €
AHomp(4X g, aXp). Since H'/2 is invertible, U is a bijection. Moreover, U

conserves left A-inner products, i.e., A(Uz,Uy) = a(zx,yy. Finally, we define ¢ :

AL(4X) — AL(4X) by

o(T)=UTU™, T e sL(aX).
This ¢ gives the desired conjugation. O
Lemma 3.8. Let s Xp be a minimal Hilbert C*-bimodule of finite type. If p is an

element in AEndp(aXp) which is self adjoint with respect to two inner products,
then pX 1is also minimal.

Proof. This is clear from Proposition 3.2. |

We assume that Z(A) and Z(B) consist of scalars. We take d(X) to be a positive
scalar such that Ind[X] = d(X)?- I and call this the dimension of X. It is clear that

d(X ®Y) =d(X)d(Y) by Proposition 1.30, and d(X) = d(X). But the additivity
of the dimension is related to the minimality.

Lemma 3.9. Let A and B be unital C*-algebras, and let 4 X g and aYp be Hilbert
A-B bimodules of finite type. We assume that Z(A)=C -1, Z(B)=C-1. Then

AX ®Y) > d(X)+d(Y).

The following are equivalent.
1) dXaY)=dX)+dY).
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r-Ind[X]  r-Ind[Y]
(2) = :
1-Ind[X] 1-Ind[Y]
Proof. Let x1 = r-Ind[X], 22 = I-Ind[X], y1 = r-Ind[Y] and y2 = -Ind[Y]. Then
(X @Y))? = (dX) +d(Y))* = (x1 + 22) (41 + y2) — (VT122 + VY192)°
= z1y2 + Y172 — 2v/ (2192) (y122) > 0.

The equality holds if and only if z1y2 = y12. O

Lemma 3.10. We assume that Z(A) = C-1I and Z(B) = C-1. Let {X;}; =
{a(Xi)g}i be a finite family of minimal Hilbert C*-bimodules of finite type. Then
the direct sum X = @, X; is minimal if and only if

X) = Z d(X;

Conversely, let 4 Xp be a semisimple Hilbert C*-bimodule. Then X is minimal if
and only if
=> dX

where X = @, X; is the irreducible decomposition of X.

Proof. We take a right B-basis {u} }; in X; for each i. Then the union of these sets
forms a right B-basis in X. We let p; be a unit on sEndg(4(X;)5). Then

D2 alTuiui) = 3> | alTpi, pii)
ik ik
=D > alpiTpiu, up).
ik
Similarly, we take a left A-basis {v?}; in X; for each i. Then
ZZ TUJ’UJ B *ZZ (piTpiv V5 V5
i g
We may assume that T € 4Endp(4(X;)p) for some i. Then
5 ik = 0 e e
ik

for some positive constant C;. For the mmlmahty of X, all C;’s must be equal. If
we take p; for T, we have

C; = (r-Ind[X;]) (-Ind [ X;])~*
The converse statement is proved in a similar way. [l

If 4X 5 and 4Yp are minimal and normalized, so is 4 Xp® 4Yp. For an arbitrary
bimodule, we can take a minimal and normalized bimodule which is similar to
the original bimodule. We only consider minimal and normalized bimodules when
necessary.

We can consider principal graphs for inclusions of C*-algebras (or more generally
for Hilbert C*-bimodules) and their Perron-Frobenius eigenvalues, as well as the
subfactor case.

Let A and B be unital C*-algebras, X = 4 Xp a minimal Hilbert A-B bimodule
of finite type. Let G4 4 be the equivalence classes of irreducible A-A bimodules
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appearing in the decomposition of 4(X ® X ® ---® X)a’s, and let Ga g be the
equivalence classes of irreducible A-B bimodules appearing in the decomposition of
A X®X® --@X)p's.

Let G be a bipartite graph having even vertices G4 4 and odd vertices G4 g with
n edges between E € G4 4 and O € G4 p if E® X contains n-times O. This §G is
called the right graph of X. We define the left graph of X similarly.

If the object of G is finite, set G = {V1,...,V,}. Then we define a matrix
A € M,(Z) as follows. If we tensor X or X to V;, then V; is contained p times,
and we put A(i,j) = p . We remark that multiple tensor products of irreducible
bimodules are minimal. Then, by the additivity and multiplicativity of d, the
column vector *(d(V4),...,d(V,)) is an eigenvector of A and the eigenvalue is d(X).
This d(X) is the Perron-Frobenius eigenvalue of the irreducible positive matrix A.
We can calculate these for simple examples in the C*-situation.

Next, we consider adjoints in End(X) for a minimal bimodule X.

Lemma 3.11. Let A C B be a unital C*-inclusion. We assume that Z(A) = C-1,
Z(B)=C-1I. Let E be a conditional expectation of index finite type from B to A.
If E is a minimal expectation, then E(cb) = E(be) for allc € AANB and allb € B.

Proof. We take a ¢ € A’ N B and fix it. We put F(b) = E(bc) for b € B. Then
F € Homu(Ba, Aa). Since By is self-dual, there exists an h € B such that

F(b) = (h*,b) 4 = E(hb).
This shows that E(hb) = E(bc). For all a € A,
E(hab) = E(abc) = aE(bc) = aE(hb) = E(ahb).

This shows that E((ha—ah)b) =0 for all b € B, and so ha = ah. Then h € A'NB.

Since E is minimal, the restriction of E to A’ N B is an ordinary trace. For
x € A'N B we have E(hx) = E(xc) = E(cx). This shows that h = ¢, and so
E(cb) = E(be). O

Lemma 3.12. Let A C B be a unital inclusion of C*-algebras. Moreover, we
assume that Z(A) = C -1, Z(B) = C- I, and E(bc) = E(cb) for all b € B and all
ce€ ANB. Let X = 4 Xp be as in the example after Definition 1.6. Then X is
semisimple.

Proof. In this case, sEndg (4 Xp) = 7(A'NB). For T € 4Endp(4Xp) there exists
ace A’ N B such that Tx = w(¢)xr = cx. Let x,y € B. Then

(Tz,y)p = (cx,y)p = 2" "y = (z,c"y) B.
On the other hand,
ATz, y) = alcx,y) = E(cay”) = E(zy*c) = alz, c’y).
This shows that T* = *T. O

Remark. By Lemma 3.11, if E is a minimal expectation, the conclusion of Lemma
3.12 holds.

Lemma 3.13. Let 4 X5 be a Hilbert C*-bimodule of finite type. We assume that
AXp is semisimple. We take a self adjoint projection p in AEndg(aXp). Then
p(aXp) is a Hilbert A-B bimodule of finite type, and p(4Xg) is semisimple.
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Proof. By Lemma 1.8, pX is of finite type. We take T' € sEndg(p(4Xg)). Since
X =pX + (I —p)X as Hilbert A-B bimodule, there exists an S € sEndp(4Xp)
such that T' = pSp. Then T* = (pSp)* = pS*p = p*Sp = *T. 0

The following proposition is very important.

Proposition 3.14. Let 4 Xp be a Hilbert C*-bimodule of finite type. We assume
that Z(A) = C -1 and Z(B) = C-1. Let E be the operator valued weight from
Lp(XB) to A given by a right B-bases in X, and let~E be the conditional expectation
from Lp(Xg) to A given by E(T) = (r-Ind[E]) "' E(T).
If E is minimal, then 4 Xp is semisimple.
Proof. Let T € aEndp(uXp) = A NLp(Xg) and z,y € X. Put O,,(2) =
£L’<y7 Z>B~ B
We use the equalities TO,, = Ory, and O, ,T = Oy 7+ and E(O,,) =
Alx,y). For all z,y € X we have
A<xa *Ty> = A<Tx7y> = E(GTz,y)
= E(T0,,) = E©,,T)
= E(ex,T*y) = alz, T"y).
This shows that T* = *T. |

Lemma 3.15. If X is a minimal Hilbert A-B bimodule, then 4 Xp is semisimple.

Proof. If X is minimal, F in Proposition 3.14 is minimal by Proposition 3.2. O

Lemma 3.16. Let A C B be a unital inclusion C*-algebras and Z(A) = C - I,
Z(B)=C-1I. Let E be a conditional expectation from B to A of index finite type.
Let X = pBy be given by E. We put By = C*(B,ea) (=~ La(Xa)). Let F be a
conditional expectation from By to B such that F(zeay) = (IndexE) lzy.

Then X @4 X (= B ®a B) and By are isomorphic as Hilbert B-B bimodules,
where By has a Hilbert B-B bimodule structure induced by F. The isomorphism ¢
is given by

p(z@7) = (nd[X])*zey.

Proof. By Lemma 2.2.2 in [47], B®4 B and C*(B,es) = B; are isomorphic. ¢ is
a renormalization of this isomorphism.
We compare two inner products. For x1,x2,y1,y2 € B,

B{T1 ®@y1,72 @ Y2) = (1, A(Y1, Y2), T2) = 11 E(Y195)T5.
On the other hand,
B(z1eay1, T2eay2) = F((z1eay1)(2204Y2)")
= F(21E(y1y3)eaxs)
= (IndexE) ‘21 E(y1y5)x5.
We argue similarly for the right inner product. O

Renormalization by Ind[FE] is essentially the same as in the Frobenius reciprocity
theorem.
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Lemma 3.17. Let s Xp and AYp be Hilbert A-B bimodules of finite type. We
assume that A Xp is irreducible, Z(A) = C- I and Z(B) = C-1. We define a map
@ from (X @ Y)* to AHomp(aY5, 4 Xp) by

w(zpi ®7) = (r-Ind[X])~/2 Z Opr.a;-

Then ¢ gives an isomorphism as Hilbert spaces.

Proof. We calculate inner products. The conclusions follow from the irreducibility
and Lemma 3.16. O

Proposition 3.18. Let A C B be a unital inclusion of C*-algebras and E a con-
ditional expectation from B to A of index finite type. We assume that Z(A) = C-1
and Z(B) = C - 1. We define the tower of basic construction: By = C*(B,ea),
Biy1 = C*(By,ep,_,). Weput X = pBa. Then B, and BQAB®4 - ®4 B (the
n—1 times tensor of B) are isomorphic as Hilbert B-B bimodules. For the n+1 times
tensor BRAB®a---® 4B, we make this into a Hilbert B-B bimodule by the isomor-
phism between this and the n times tensor product (X ®4 X)®p - @5 (X @4 X).

Proof. We use the previous Lemma 3.17 repeatedly:

By~ B®u B,
By~ B ®p B~ (B®s B)®p (B®aB)~B®sB®y B,

and so on. O

We want to show that the tensor product of minimal bimodules is also minimal.
We need some preparation.

Lemma 3.19. Let oYp be a Hilbert C*-bimodule of finite type and gZ a left Hilbert
C*-module of finite type. For z € Z we define R, : Y — Y ®p Z such that
R.(y) =y®z. Then R, € sHom(4Y, 4(Y ®p Z)), and we have

"R(u®v) =up(v, z).
Proof. Let y € Y. Then
AR (u©0),y) = A{u®@ v,y ® 2) = a(up(v,2),9).
(|

Lemma 3.20. Let oYy be a Hilbert C*-bimodule of finite type and Z = pZp a
Hilbert B-B bimodule of finite type. If z € Z is a central element, we have

Ri(u®v) = u(z,v)p.
Proof. Let y € Y. Then
(RI(u®v),y)p = (u®v,y ®2)p = (u, (W, ¥)B2)B

= (v, 2(w, y)B)B = (v, 2) B{W, Y) B

= <’U,<Z,’U>B, y>B'
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We take a right B-basis {u;}; in X, a left A-basis {v;}; in X, a right C-basis
{t:}1 in Y and a left B-basis {sx}r in Y. That is, for x € X and y € Y,
mzZui<ui,x>B, J::ZA<x,Uj)vj,
i J
y=> tlty)e,  y=Y_ Y sk)sk
1 k
We define linear maps E and FE from Lg(Xp) to A, F and F from Lo (Ye) to
B, and H and H from Lo ((X ®5Y)¢) to A as follows.
For T € LB(XB),
E(T) =Y a(Tui,u;), E(T)= (r+-Ind[X])""E(T).
i
For T € Lc(Yc),
F(T) =Y (Tt;,t;), F(T)= (r-Ind[T])""F(T).
l
For T € Lc((X KRB Y)c),
H(T) =) (T(w; ®t;),u; ®t;), H(T)= (r-Ind[X ®p Y])" H(T).
2
E, F and H are conditional expectations. We define a conditional expectation GG
from Lo (X ®p Y)e) to Lp(Xp).
Definition 3.21. Let 4 Xp and pYc be Hilbert C*-bimodules of finite type. We
take a right C-basis {¢;},; in Y, and put

tzzti(@Zi €Y®c?.
i

Then t is a central el~ement in (Y ®c ?) pB. Using this, we define a bounded
operator valued weight G. We assume that Z(B) = C - I. We remark that (¢t,t)p
is a positive constant.

Definition 3.22. We define linear maps G and G as follows:
G(T) = R} (T @ Ids)Ry,  G(T) = (r-Ind[Y])"1G(T).
For T € LB(XB), we put Z(T) =T Idy € Lc((X Rp Y)C)

Lemma 3.23. G is a positive linear map from Lo((X @5 Y)e) to Lp(Xp), and
G is a conditional expectation from Lo((X ®pY)e) to Lp(Xp).

Proof. We assume T > 0. Then
(R{ (T ®@ Idy)Ry)x, ) p = (T ® Idy)Rix, Rix) g > 0.
Since Ry, T ® Ids, and R} are right B-linear, G(T) € Lp(Xp).
For S € Lp(Xp),
Gi(S)z = G(S ® Idy )z = R} (S @ Idy ® Idy)Rsx

=R;(Szx®t) = Sxz(t,t)p

= (r-Ind[Y])Sx.
Then we have G(I) = I, and also G > 0, ||G|| = 1 and G? = G. This shows that G

is a norm one projection and is a conditional expectation. O
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Lemma 3.24. The value of G for rank one operators is as follows. For x1,x9 € X
and Y1,Y2 € Y}

G(@x1®y1,x2®y2) = (r‘Ind[Y])ilgxla (y1,y2),w2"

Proof. We remark that for z1 € X, y; € Y and 23 € Z

R (x1 @ y1 ®7y) = 1B(Y1,Y2)

We calculate the value of rank one operators:

G(@I1®y1,l’2®y2)(x) = Rz(@l’1®y17$2®y2 & Id?)Rtx
= Ri(z1 @y e @y, 2 Dti)c) @

3

= ZRf(m ® y1(y2, (x2,2) Bti)c) ®Li
i

= Zm13<y1 (y2, (2, ) Bti)o, i)

(3

= z15(y1, Zti<tia (z2,7)BY2)C)

(2

= x18(y1,y2)(T2,2)B

= (emB(yhyz)@z)(x)

By this we have

G(@I1®y1,l’2®y2) = @2715 (y1,y2),22"

Lemma 3.25. FoG = H.

Proof. We remark that r-Ind[X ® g Y] = (r-Ind[X]) - (r-Ind[Y]) because the centers
of A, B and C consist of scalars. Then it is sufficient to show that

EoG(T) =) a(T(wi®t;),u; ;).

2]
We may assume that T' = Oz, gy, 250y, € Lo((X ®8Y)¢). Then

ﬁ(@ﬁ@yl,ﬂﬂz@yz) = A<x1 @Y1, T2 & y2>~
By Lemma 3.24,

E © é(@m@yhxz@yz) = E(@ms(yhyg),m) = A<x13<y1a y2>7x2>'

The conclusion is only the definition of inner product on tensor products. O

Lemma 3.26. The following identity holds:

Glrax®pEnde(5Ye) = FlpEnde(5Ye)-
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Proof. We take T' € gEndc(gYe). For z € X

G(Idx @ T)(z) = Rf(Idx ® T ® Ids)Ry(x)
= Ri(ldx @ T ® Idg)(z @ t; ® ;)

:i (t; @t;,Tt; ;)
_Z i, {t;,Tti)cli)
- ZxB ty, ti(t;, Tt )
—ZxB {t;, Tti)c,ti)
_ZxB Zt (tj, Tt t:)

= ZJ?B Tti,ti
7

= zF(T).
Since F(T) € Z(B)=C-Ifor T € gEnd¢(pYe), it follows that
GIdx ® T)= F(T)-I.

Both sides are scalars. O

Next, we construct a quasi basis for the expectation G.

Lemma 3.27. We put

P,jkl_\/l Ind \/I‘ Il'ld u®tl,vj®8k'

Then { P j k1, P 1.1 tigkl is a quasi basis for G.

Proof. We put Pid,k,l = Ou,0t,,0;0s,- For T' € Le((X®pY)c), we must show that

T= Z PijkaG(P; 0 T)-

,5,k,1

We may put T' = Oz, gy, 220y, 1hen

* —
Pi,j,k,l911®y17962®y2 - @vj®5k,ﬂi®tl9I1®yl7x2®92

= ®vj®5k(tz,(Ui7I1>By1>c,zz®yz-
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We calculate as follows. Let z € X; then

G’(Pifj,k,l911®y1@2®yz)x
= Rr((Pifj,k,l9I1®y17I2®yz) & Id?)Rtx
=Ry (9Uj®3k<tl7(“11731'1)3)0,332@3/2 ® Id?)(z TRt @)

T

= R;(v; @ si{ti, (ui, 21) Y1) o (32 @ Y2, 2 @ 1) D F,)

T

= Z Ry (vj @ si(ti, (ui, 1) BY1) ¢ (Y2, (T2, ) Blr)c @ 1r)
= vty @ g, sk (i, (wi, x1) BY1) e (Y2, (12, 2) Bt )c @ 1) B
T,q

= i {ty, (tg, sk (i, (i, 21) Y1) 0 (Y2, (22, 7) Bt,)C) ) B
9

= Zvj3<tqvt7’[<tqv seye(tn, (wi, 1) BY1) (Y2, (T2, ) Btr) ")
= Z UjB<t<1<tqa Sk>c<tla <ui7 x1>By1>C<y2a <J)2, $>B, tr>C; tr>

=3 win(silts, (i, z1) Y1) o (Y2, (22, 2) Btr) 0, )

T

=3 wvin(sklts, (i, x1) Y1) o, tr (2, 2) B, Y2) )

T

= v;g(sk(ti, (us, z1) BY1)C» Ztr<tr; (x, x2)BY2)C)

T

= v;B(sk(t, (wi, 1) BY1)C, (T, T2) BY2)-

Moreover,

> Prjka(G(Pj k1O oy maoys) ® Idy ) (x @)
2,7,k,1

= > Ouiatvyos ([058(sk (b, (Wi, 21) Y1) 0, (2, 72) BY2)] @)
,5,k,1

=Y (wen)

igkl

- (sk, (v, v B(sk(t1, (wi, x1) BY1)CH (T, T2) BY2)) BY) C
(Z<Uj’vj>3)

: Z(ui ® L) (sk, B(sk(te, (wi, x1) BY1) O, Y2) (T, 22) BY)
ikl
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= (> _(vj,v;)B)

Y (i ® ) (2, sk (b (i, 1) BY1 )OSk, (T2, 7) BY)
ikl
= O (wv)B) Y (s @ 1) (s, (b, (i, 21) BY1) s (2, 7) BY)C
j il

= (Z@j, v;)B) Z(Ui ® ti)(t, (ui, 1) BY1)C (Y2, (T2, T) BY) C
= ZUJ,’UJ Zuz (ui, 21) BY1 (Y2, (22, %) BY) C
= (Z<vj,vj>3>(x1 ® y1)(y2, (22, ) BY)C-

J
On the other hand,
Ori@y1,20u (£ DY) = (21 © y1)(y2, (22, 2) BY) O
Identifying Lp(Xp) and Lp(Xp) ® Idy, we get
Pij it (G(P} 11O 0y1,0200:)) = (FINA[X])Ou @1 za 0
Since G = (r-Ind[Y]) "' G,
P, j et (G(Prj 11O misys,aamys)) = (FInd[X]) (-Ind[Y]) (O, 0y w2y )-

Then, putting

P iy =/ FInd[X]\/1-Ind[Y] P, j 11,

we see that {P; j 1, P

ikt ikt 18 @ quasi basis for G. O

Lemma 3.28. G: Loc((X ®pY)c) — Lp(Xg) is minimal.

P’FOOf We have (LB(XB) (24 Idy), n Lc((X XRp Y) ) =Ildx ® BEndC(BYC) from
Lemma 1.25 in chapter 1. We take T € BEndC(BYC)
By Lemma 3.27, we have G(Idx ® T) = F(T). On the other hand,

*
E @ui®tl7vj®5k (IdX & T)@ui®tl,vj®sk
1,5,k,1

= g @ui®t1,Uj@sk@vj®Tsk:ui®tl
,4,k,1

E C—)ui@tl<5k:<vj7vj>BT5k>C;ui®tl
i,5,k,1

- (Z <Uj7 Uj>B) Z C—)ui@tl(zk<Sk7T5k>C);ui®tl

j il
= (Z<Uj7 Uj>B) Z<Sk7 T'si)c Z Out,uet

J k il

= Z<'Uj7'Uj>B Z(SkaTSk>c.

J k
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We have used the fact that T € pEndec(gYe). Since pYe is a minimal bimodule,
the last term is equal to

(const) Z(vj, V) B Z B(Tt, 1)) = (const)F(T)
J 1
O

Theorem 3.29. Let A, B and C be unital C*-algebras whose centers consist of
scalars, and let X = 4 Xp and Y = gYe be Hilbert C*-bimodules of finite type. If
X and Y are minimal bimodule, then X ®p Y is also minimal.

Proof. To finish the proof of the theorem, it is sufficient to show that H is a minimal
expectation. But we have H = F o G. Since GG and E are both minimal, H is also
a minimal expectation by Theorem 3 in [28]. O

Corollary 3.30. If 4Xp and pYc are semisimple, A(X®pY )¢ is also semisimple.

Proof. X and Y are direct sums of irreducible bimodules. Since irreducible bimod-
ules are minimal, a tensor product of two irreducible bimodules is minimal, and
semisimple. [l

Theorem 3.31. Let 4 Xp and pYa be Hilbert C*-bimodules of finite type. We
assume that 4 X g and gYa are irreducible and normalized. In this case the following
are equivalent.

(1) pYa and X p are unitarily equivalent.

(2) X ®pY contains a direct summand which is unitarily equivalent to 4A4.

(3) Y ®a X contains a direct summand which is unitarily equivalent to pBp.

Moreover, if one of these conditions is satisfied, then X @ Y contains 4 Aa and
Y ®4 X contains pBp, both with multiplicity one.

Proof. By Frobenius reciprocity, sHom (Y4, X 4) and Hom(4(X®pY)4, aAA)
are isomorphic. If irreducible bimodules are similar, by Theorem 2.4 they are
necessarily unitarily equivalent. These facts prove this theorem. O

4. CATEGORICAL STRUCTURE

In this section we shall study several categorical structures of Hilbert C*-bimod-
ules of finite type. In this paper, the terminology tensor category is used for what
was called a labeled tensor category in [49].

Let 4 Xp be a Hilbert C*-bimodule of finite type. Define ex : X ® 3 X — A by

ex(p®q) = alp,q)
anan:B—>Y®Abe

mx(B) = Db @ v;),

where {v1,...,v,,}is aleft A-basis for 4 X5 and nx dose not depend on the choice of
aleft A-basis. In fact, since there exists a B-B isomorphism ¢’ : X®@4X — 4L(4X)
with ¢’ (P ® q)(z) = a{x,p)q by Proposition 2.5, @’_1(Idx) = Zj vj ® v; does not
depend on the choice of a left A-basis of X. Moreover, we have

S b@; @) =b- @ (Idx) = ' (b Idx) = &'~ (Idxb) = > (T; @ v;)b.
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It is clear that ex and nx are bimodule maps. Furthermore, we have that ¢% =
ex =1, andnyzA—>X®BYisgivenby

ny(a) = Za(uz ®ﬂi) = Z(uz & Hi)a,
i i
where {u;, ..., u,} is a right B-basis of 4 Xp. We shall show that (X,ex,nx) is a
(right) dual of X in the categorical sense (see [25]).

Proposition 4.1. The category of Hilbert C*-bimodules of finite type as objects
and bimodule maps as arrows with the above (ex,nx) is a rigid category in the
sense that, for any Hilbert C*-bimodules A Xp and gYc of finite type, the following
identities hold:

(1) (ex ® Idx)(Idx ®nx) = Idx,
(2) (Idx®ex)(nx ® ldg) = ldx,
() exgzy =exo(ldx ®ey ® Idx).

Proof. (1) We have

(ex @ Idx)(Idx @1x)(z) = (ex ® Idx)(Y_ 2 ®7T; @ v;)

= ZA<x,vj)vj =z
J

The proof of (2) is similar to that of (1). (3) is only the reformulation of the
definition of inner product of tensor product. O

Recall that a category A is called a C*-category if each set of arrows is a Banach
space where the composition of arrows gives us a bilinear map S x T' — S o T with
[[SoT|| < |ISIIT|| and there is an antilinear involutive covariant functor * : 4 — A
such that ||T* o T'|| = ||T||? for each arrow T'. In the following proposition, we only
consider C*-algebras with trivial center.

Proposition 4.2. The tensor category with minimal Hilbert C*-bimodules of finite
type as objects and bimodule maps as arrows is a C*-category by setting ||T|| =
|T*T||*? for T € sHomp(X,Y).

Proof. Since any minimal Hilbert C*-bimodules 4 X p is semisimple by Proposition
3.15, 4sEndp(4Xp) is a C*-algebra. Then we can apply the argument in [17, p.
82]. O

Remark. We can replace “minimal” by “semisimple”.

The class of minimal Hilbert C*-bimodule of finite type is not closed under direct
sum, but the class of normalized ones is closed by Lemma 3.10. Therefore we have
the following nice class. Consider unital C*-algebras with trivial centers.

Corollary 4.3. The category with normalized minimal Hilbert C*-bimodules of fi-
nite type as objects and bimodule maps as arrows is a C*-category.

S. Yamagami introduced a metricial structures in tensor category, called an e-
structure, which plays a significant role in his study [49], [50]. The notion of
e-structure has a close relation with rigidity of the category.



3464 TSUYOSHI KAJIWARA AND YASUO WATATANI

Proposition 4.4. The category of Hilbert C*-bimodules of finite type admits the
canonical e-structures defined by ex(p ® §) = a(p,q) for p,q € aXp. That is, the
following identities hold for any Hilbert C*-bimodules 4 Xp and gYc of finite type:

(1) exgy =ex o (lx Qp ey ® 1x).
(2) For T € sHomp(aXp, aYB) we have ex(1x @ 'T) = ey (T @ 13).
(3) For T € sHomp(aXp, aYB), ey (T ® 13) = 0 implies T = 0.

Proof. (1) is the same as in Proposition 4.1(1). We show (2):
ex(1x ® 'T)(z ®7) = ex(z ® *Ty),
= a(@,"Ty) = a(Tz,y),
ev(T@ly)(z@y) = aTz,y).

We show (3). We assume ey (T ® 1y) = 0. For every x € X and y € Y, the
following identity holds:

ev(T®1y)(z®7) = ey (Tz ®7) = a(Tx,y) = 0.
O

We can describe the correspondence of Frobenius reciprocity maps explicitly by
inner products (cf. [48] and [259]).

Proposition 4.5. Let 4 Xp, Yo and aZ¢ be Hilbert C*-bimodules of finite type.
(1) For T'€ sHomc(aZc, (X ®pY)c),
(ly @ ey)(T ® 1y) € aHome(a(Z @c Y) g, 4XB)

is the element corresponding by Frobenius reciprocity. Conversely, for S €
aHompA(Z®cY)B, AXB), (S®Idy)(IdZ®5*7) is the element corresponding
by the inverse of Frobenius reciprocity.

(2) For T € AHom¢e(aZc, (X ®@pY)c), the element

(ex®1y)(1x ®T) € sHome(5(X ®4 Z)c, 5Yc)

is the element corresponding by Frobenius reciprocity. Conversely, for S €
AHomc(AHomc(B(X ®a Z)C,BYC), (Idx ® S)(&X ® Idz) s the element
corresponding by the inverse of Frobenius reciprocity.

Proof. Since all bimodules are of finite type, it is sufficient to prove the above
statement for rank one operators.

We show (1). We put T' = O,g,,.. By Frobenius reciprocity, this operator is
transformed into F(T') = O, ,gy. We have

F) (' @y)=2(z07,2 @7 )p =2, (2,2)c¥ ) = 28y, ¥ (', 2)c).
On the other hand,
(Ix@ey)(T@1ly)(2' 7)) = (Ix @ ev)(x @ y) (2,2 )c @F
=z ® py(z,2)c,y').

We put § = O, .gy. By inverse Frobenius reciprocity, this operator is trans-
formed into F(T') = Oggy,.. We have

F(T)(z) = (z @ y)(z,2)c-
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We take a right C-basis {u;}; in Y. On the other hand,
(S®Idy)(Idz ® e3)(2') = (S@ Idy) (¢ @ Y (W @ u;))

— Zm(z@@,z'@ﬂl)g@ui

)

= Zx<y7 <Z7 Z/>Cﬂi>B D u;
[

= S el 2)e) D us
[

- Zm ® (y{z, 2"V o, ui)u;

= (@ ®y)(z2)c.

We can prove the other parts similarly. O

We investigate the categorical structure of Hilbert C*-bimodules given by bundle
construction in chapter 1. Let G, H and K be as in chapter 1. Let a be an action of
G on a unital C*-algebra, and assume that « is properly outer, i.e. if ag(x)y = yz
for every x € A, then y = 0. For V = gVi and W = gWk, let gHomg (V, W)
be the set of linear maps from V' to W such that TV, C W, for each g € G and
T(hvk) = h(Tv)k for he H, k € K and v € V. For T € yHomg (V, W), we define
T by T(a ®v) = a® Tv. Then T e ANHHomANK(V, W) in the bimodule sense.
Then, as in [33], the following proposition holds.

Proposition 4.6. The following hold.
(1) (Vewy=VaeWw.
2) VeWy~VeoW.
B) VeV, ) o
(4) ByT — T, gHomg (V,W) ~ g4pHomaxx (V,W).
Proof. The proofs of (1), (2) and (3) are similar to those in [33]. As in [33], we

must use the assumption that « is properly outer for the proof of (4). We omit the
details. 0

By the above proposition, the correspondence from a bundle g Vi to a bimodule
Axg HVA><1Q K is considered to be a functor. Moreover, by (4) this functor is an iso-
morphism. We may compute fusion rules of these bimodules using the computation
of bundles as in the von Neumann algebra setting [33].

5. K K-THEORY AND C*-INDEX THEORY

Let A and B be unital C*-algebras, X = 4 Xp a Hilbert C*-bimodule of finite
type. We can associate an element in K K (A, B) and in K K (B, A), which are called
Kasparov K K-groups.

Definition 5.1 [1]. Let A and B be two C*-algebras. We call a triple (7, X, F)) a
Kasparov bimodule if

(1) X is a Zg-graded right Hilbert B-module,

(2) = is a representation of A in Lp(Xp) of degree 0,

(3) F is a bounded linear operator on X which is of degree 1, and
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(4) m and F satisfy the following conditions:
m(a)F — Fr(a) € Kp(Xp)Vac A, F?-T1cKp(Xp), F—-F*cKp(Xp).

By taking the quotient by some appropriate equivalence relation, we get the
Kasparov K K-group KK (A, B) [1].

Let A, B and C be three C*-algebras. Then there exists an associative product
operation from K K(A, B) x KK(B,C) to KK(A,C). This is called the Kasparov
product. We write z ® y for the Kasparov product of x € KK(A,B) and y €
KK(B,C).

The groups Ky and K; are considered as special cases of K K-groups. Ko(A)
is identified to KK (C, A). K1(A) is identified to KK (C, A ® Cy(R)). The tensor
product algebra A ® Cy(R) is called the suspension C*-algebra of A.

Let i be 0 or 1. By these identifications, some element x of K K (A, B) gives a map
from K;(A) to K;(B) by Kasparov product and Bott periodicity of K K-groups.
Under certain conditions, K K (A, B) is recovered from

HOHI(K()(A), KQ(B)) &) Hom(K1 (A), Kl (B))

Lemma 5.2 (Universal coefficient formula [I). If K;(A) is free or K;(B) is divis-
ible for i = 0,1 and A is in a certain bootstrap category as in [1|, then KK (A, B)
and Hom(Ky(A), Ko(B)) ® Hom(K1(A), K1(B)) are canonically isomorphic.

Let B be a unital C*-algebra, and A be a sub-C*-algebra of B containing the
unit of B. First we assume that there exists a conditional expectation F from B
to A such that (A C B, E) is of index finite type.

By the inclusion map from A to B, we can define a homomorphism from K;(A)
to K;(B) (1 =0,1). In [47], we defined the transfer map from Ky (B) to Ko(A).

In this paper, we define a bimodule of K K (A, B), and describe the transfer map
by Kasparov product. We state this construction in the formulation of Hilbert
C*-bimodules.

Let X = 4 Xp be a Hilbert A-B bimodule, and assume that X is of finite type
in the sense of a right B-module. We may consider X as a trivially graded right
Hilbert B-module with the left representation 7 of A on it. Then as following lemma
shows, we can define some Kasparov bimodule canonically.

Lemma 5.3. v = (m,X,0) is a Kasparov element and gives an element of
KK(A,B).

We remark that in the situation of inclusion (A C B, E), v is always a Kasparov
element whether (A C B, E) is of index finite type or not, because Bp is always of
finite type.

We have the conjugate bimodule pX 4 of 4 Xp. We denote by 7 the left repre-
sentation of B on X.

Lemma 5.4. If (A C B, E) is of index finite type, then u = (7, X,0) is also a
Kasparov element and gives an element of KK (B, A).

We define two K K-indices of this inclusion by Kasparov product.

Definition 5.5. Let X = 4Xp. For this bimodule, we have v € KK (B, A) and
v € KK(A,B). Then we call u® v € KK(B,B) and v @ u € KK(A, A) the
KK-index of X.



JONES INDEX THEORY 3467

Remark. In many case, K K-indices are given by reasonable scalars. In the II;-
factor setting, K K (A, A) and KK (B, B) can be interpreted as the automorphism
of the additive group R. The K K-index is a positive scalar constant in this case
(cf. [13]).

We give an example which shows that K7 groups is also important in K K-index
theory.

Example. Let T be a one dimensional torus and T a two covering of T. There
exists an action o of Zy on T such that T is the quotient space. Let A = C(T)
and B = C(T). Let § be the action of Zs on B induced by o. Then A is the
fixed point subalgebra under 3. The C*-basic extension is the C*-crossed product
B % Zs, which is isomorphic to A @ M3(C).

Ky(A) is isomorphic to Z, and the generator is the identity I. Its image in B
is the generator. Its image in A ® M>(C) is also the identity. But the identity in
A® M5(C) is a 2 times generator in Ko(A® M2(C)) ~ Ky(A). On the other hand,
K1 (A) is isomorphic to Z and its generator is f(z) = z. Its image in B is g(z) = 22
and is a 2 times generator in K;(B). Its image in A® M3(C) is the diagonal matrix
diag(f, f) and this is also a 2-times generator in K;(A ® M(C)) ~ K;(A).

This shows that v = (1,2) € KK(A,B) andu = (2,1) € KK (B, A). K K-indices
are as follows: u®@v=2-JTandv®@u=2-1.

More general cases of circle algebras are studied by Deaconu in [7]. He points
out that n-folded covering maps and n-times around embeddings are dual to each
other.

We show that the dimension map is a character on some subring on KK (A4, A).
We assume that all C*-algebras are unital and separable. We denote by 7, the
element in Hom(Ko(A), Ko(A)) corresponding to an element « in KK (A, A). We
assume that A has a normalized positive trace 7. We denote by 7 the trace on
Ky(A) induced by 7.

Definition 5.6. We define a map d, from KK (A, A) to R by d-(a) = 7(7a[1])-
We call this d.(a) the dimension of « € KK (A, A) with respect to 7.

Definition 5.7. We say that a Hilbert C*-bimodule X = 4 X4 is compatible with
a trace 7 if 7(a(z,y)) = 7((y,x)4) for z,y € X.

Example. Let B be a C*-algebra with a normalized trace 7, and let A be a C*-
subalgebra of B containing the unit. Let E be the 7-preserving conditional ex-
pectation from B to A. Let Y = 2,Bp be the example after Definition 1.6 and
X =Y ®Y. Then X is 7-compatible.

We assume that Z(A) = C - I. For a Hilbert C*-bimodule X = 4X4 of finite
type, we put d(X) = 1/ Ind[X] and call this the dimension of X, and we denote by
©(X) the corresponding element in KK (A, A).

Proposition 5.8. Let A be a unital C*-algebra such that Z(A) = C -1, 7 a nor-
malized trace on A, and X = 24X Ao a normalized Hilbert A-A bimodule of finite type
which is T-compatible. We put f : Ko(A) — Ko(A), f([€]) = [(£ ®a X)a4], and
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V:R— R, V(t) =d(X)t. Then the following diagram commutes:

Ko(A) —L— Ky(A)

+l ﬂ
R V- R

Proof. Let & = £4 be a Hilbert right A-module of finite type, and {u;}; a right A-
basisin €. Let p = (p; ;)i,; = (Ui, uj)a)i; € A® M,(C) be a projection such that
E =pA™. Let {s;}; be aright A-basisin 4 X4 (cf. Lemma 1.11). Then {u;®s;}; ; is
aright A-basisin £4®@ 41X 4. We put ¢ = ((ui®s;, ur®51) 4)(i,5),(k,1) € AQ My (C).
Then £ @4 X4 ~ qgA™ and [(£ @4 X)a] = [q] € Ko(A).

We have

n

#([€a]) = 7([p) = (r @ id)(p) = Y 7((uis us) a)-

i=1
Using these, we have

= (r @ Id)(€)
= Z (ui ® sj,u; ® 85) )

= Z Uzauz ASJaSJ>A)
_ ZT(A<sj, (i, ui)as;s))
= Z (ui, ui)44(85,85))

= (r-Ind[ ])ZT(<%U¢>A)

= (r-Ind[X])7([€a])
= V(7[€a])-

By using this proposition, we have the following theorem.

Theorem 5.9. For a Hilbert C*-bimodule X = o X of finite type, the following
identity holds:

d(X) = dr((X)).

Moreover, d and ¢ conserve sum and product operations. On the other hand, d,
conserves only sum operation.

Proof. Using Proposition 5.8,
dr(p(aXa)) = d-([aXa]) = 7(vx([1])) = V7(1) = d(X)1.
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Corollary 5.10. In the same situation, for a Hilbert A-A bimodule X of finite
type which is compatible with T, its statistical dimension d(X) depends only on its
equivalence class in KK(A, A).

We let F be the subring in KK (A, A) generated by the image of ¢, i.e.

F ={[aXa] — [aYa] € KK(A, A): X,Y minimal normalized Hilbert A-A

bimodules of finite type which are 7 compatible}.

Corollary 5.11. In the same situation d, is multiplicative on F. i.e. d(a® ) =
d-(a)d.(B). d. is a character on F.

Proof. This is a direct consequence of the multiplicativity of d. O

Example. Let e, eq,e3,... be Jones projections such that

o T\ 1
€;€i416; = <4cos 3) €;.

We have 4 cos? 5= 3+2‘/€ = ¢2, where ¢ = 1+2_\/g is the golden number. Put A =
C*{1,eq,e3,...}, B=C*{1,e1,e9,€3,...}. Then A C B, and Ky(A) is isomorphic
to Z® ¢Z, and K;(A) is zero. 7 : Ko(A) — R is given by 7(m,n) = m + ¢n. Then

KK(A,A) ~ My(Z) = {<Z Z) ca,b,c,d € z} .
For 7o = (2Y) € Hom(K((A), K¢(A)), we have
drio) =70l =7 (¢ 5) (5)) =7 (&) =a+o
)=t =7, 4) o)) =7,)=atoc
By Example (3.3.14) in [47], ¢([aBa]) € KK(A, A) is identified with the matrix
1 1
=l
and p([aAa4]) is identified with the identity matrix I. Then
[“ b ] —(a—b)+bS € F.

b a+b

Conversely, we take

Since d, is multiplicative,

(b o) = (e ()

Considering ¢2 = ¢ + 1, we have a+b=a + ¢, ¢+ d = a + 2c. We conclude that
b=cand d=a+0.
In this case

a b
]-'—{<b a+b> GMQ(Z):a,b—j:O,l,Q,...}.
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Finally, we consider a Goldman type theorem for C*-algebras. If N C M is the
inclusion of I1;-factors and if [M : N| = 2, then there exists an outer action « of Zs
on N such that M is the crossed product NV X, Zs. In the C*-setting, a Goldman
type theorem does not hold in the original sense. The following shows that there
is a K-theoretic obstruction here.

Theorem 5.12. Let Os be the Cuntz algebra of 2-generators. There exists an outer
action o of Zy on Oz such that there exists no action of Zy on OF such that Oz is
isomorphic to the C*-crossed product of O by this action.

Proof. Let S1 and S2 be a generating pair of O3. We define an automorphism
a of Oz by «aS;) = —S;. The fixed point algebra is generated by the family
{512,522,5'152, S251}. These generators also satisfy the generating condition of
O4 ([13]).

Define a conditional expectation E : Oy — 0% by E(z) = 3(z+a(z)) for z € Oa.
Then Ind[E] = 2 by the remark after 3.3 in [47].

We assume that O4 xg Zs >~ Oy by some action [ of Zy. Then by Takesaki-
Takai duality, Oy @ M2(C) = Oz x5 Zz. On the other hand, Ko(Oz) ~ {0} and
Ko(O4) ~{0,1,2}. The identity of Oy is zero as a Kp-element, and is mapped into
the identity of O4 ® M3(C), which is not zero in Ky(O4). From these, we have a
contradiction. O

On the other hand, for a dual inclusion, a Goldman type theorem holds in the
sense of realizing it as a crossed product by Zs.

Theorem 5.13. Let A C B be a unital inclusion of C*-algebras and E a condi-
tional expectation from B to A such that Ind[E] = 2-1. Let C be the C*-basis
extension C*(B,ea). Then there exists an action o of Zg on B such that A is the
fized point algebra B® and C' is isomorphic to the crossed product B Xy Zs.

Proof. Let ea be the orthogonal projection from B to A. There exists a conditional
expectation F' dual to E such that

F(reay) = (Ind[E]) ‘zy = %a:y
Since Ind[E] = 2 -1 € Z(A), we have IndexE = IndexF = 2 by Proposition
2.34 in [@7]. Let D = C*(C,ep) be the C*-basis construction. Similarly we have
a conditional expectation G : D — C dual to F such that G(eg) = iI and
G(ea) = ea and Ind[G] = 2 - I. We define two unitary elements v € C and v € D
by u =2e4 — 1 and v = 2eg — 1. We show that uv = —vu. We define p as follows:
p=2(ea+ep—esep—epey). Then p is a selfadjoint projection by egesep = %63
and eqegeq = %eA. Since
1 1

1
G(p) (eA+ 7 26,4 26,4) ,

p must be I because G is faithful by Remark (4) after Definition 1.2.2 in [47].
Substituting e4 = $(u+1I), eg = (v + 1) in the equation
p= 2(eA +ep —esep — 6B€A) =1,

we have uv = —vu.
Then for all b € B, ubu* commutes with v = 2eg — 1. Then ubu* € B by Lemma
2.1.1 in [47]. Put @ = adu. Then « is an automorphism of B.
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Since b € B? if and only if b commutes with u = 2e4 — 1, we have B* = A.
Since F'(u) = 0, the map from B X, Zs to C = BesB = B + Bu defined as x + yu
is well defined and is an isomorphim. O

We are informed that M. Izumi has obtained the characterization of depth 2
inclusion by fixed point algebras by Kac algebra for simple C*-algebras. He also
characterized group-subgroup inclusion for simple C*-algebras.
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